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Abstract

his paper reviews data fusion strategies for gener-

ating aerodynamic databases and evaluates their

suitability for motorsport aeromaps, with emphasis
on the operational constraints specific to Formula One.
A structured survey and classification of the state of the
art is presented, grouping approaches into (i) surrogate-
agnostic methods, (ii) kriging-based methods, and (iii)
neural network—based methods. In addition, the survey
explores advanced techniques currently underutilized in
aerodynamic database applications but that show
promise. These methodologies are discussed in the
context of addressing limitations inherent in traditional
approaches, such as dependency on nested sampling
plans and linear correlation assumptions between low-
and high-fidelity datasets. The review indicates that,
although muilti-fidelity data fusion is well established in
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Introduction

otorsport engineers require an aerodynamic
understanding of a vehicle across its entire range
of operating conditions. Aeromaps are aerody-
namic databases that capture key performance metrics,
such as lift and drag coefficients, as a function of several
operational parameters, such as front and rear ride
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aerospace aerodynamic database generation, its direct
translation to motorsport requires additional consider-
ations. In the Formula One context, the most plausible
deployment may involve fusing legacy and current
datasets, rather than combining low- and high-fidelity
evaluations of the same geometry. This shift in premise
could increase exposure to negative transfer and there-
fore necessitate additional methods to minimize it. This
study provides one of the first motorsport-focused
reviews and syntheses of data fusion methods for aero-
dynamic database generation. It is intended to guide
motorsport engineers and researchers toward more effi-
cient and effective aeromap generation strategies.
Collectively, the findings establish a foundation for subse-
quent phases of a broader project to minimize the number
of data points required to generate an aeromap, with the
present survey constituting the first part of that effort.

Aerodynamic databases, Motorsport, Formula 1

height, roll, steering angle, and yaw. By integrating these
databases into vehicle models, engineers can fine-tune
car setups and accurately pinpoint aerodynamic inefficien-
cies that need to be addressed, thereby driving the
processes that underpin aerodynamic development. In
Formula One (F1), teams are required to adhere to a set
of sporting [1] and technical [2] regulations. Among the
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former are the aerodynamic testing restrictions (ATR),
which effectively limit wind tunnel testing time and
computational fluid dynamics operations over a given
period during the year. Consequently, there is a significant
emphasis on optimizing the experimental and simulation
methods to maximize development.

Though research on motorsport aeromaps is sparse,
literature on aerodynamic databases from aerospace
applications provides a useful proxy. In this aerospace
context, surrogate models, also known as metamodels,
emulators, or response surfaces, are employed to approxi-
mate the function of an underlying system based on a set
of input and output data, known as training data or sample
data. These models can then be used to quickly predict
output values away from the training data points. The
accuracy of these models depends on the quantity and
placement of the samples as well as the type of surrogate
model used. Optimized sample placement can improve
modeling performance, which is achieved with static or
adaptive sampling methods. The latter aims to position
samples in unexplored and complex regions of the input
space [3]. Another way of optimizing surrogate modeling
is through data fusion. Data fusion works by leveraging a
large set of inexpensive, low-fidelity data to predict the
general trend of an underlying system and then correcting
this trend with a smaller set of expensive, high-fidelity
data. This multi-fidelity approach can yield better model
performance than just using the high-fidelity data alone,
thereby reducing the overall computational cost of the
analysis. Data fusion is not limited to computer simulations,
and it can also be applied to experimental cases, such as
with wind tunnel data. Data fusion has been applied to
aerodynamic databases successfully, with methods such
as multi-fidelity kriging [4—6] and scaling functions [7-9]
being the most common. Other, less common methods
include neural network—based approaches [10, 11].

This paper provides a comprehensive review of data
fusion techniques that have been applied to aerodynamic
databases, filling a gap in the existing literature. The review
aims to identify and discuss the strengths and limitations
of current methods and proposes alternative methods
from other surrogate modeling applications. The remainder
of this paper is organized as follows: Aeromaps provides
an overview of aeromaps. Surrogate Modeling Methods
provides an in-depth discussion of surrogate modeling
techniques found in the data fusion literature. Data Fusion
for Aerodynamic Databases surveys data fusion
approaches for aerodynamic databases, highlighting their
strengths and limitations. Finally, Discussion and
Concluding Remarks summarizes the key findings of this
review and suggests potential directions for future
research, including a brief review of data fusion methods
that have been successfully applied in other applications.

Aerodynamic design in motorsport was initially focused
on minimizing drag by streamlining race car bodies to

maximize top speed. In the 1960s, engineers and designers
began experimenting with cars fitted with wings. Unlike
aircraft wings, these wings were intended to generate
negative lift, known as downforce, with the aim of
increasing tire force to improve cornering speed. The
driver-engineer Jim Hall is usually credited with being the
first person to implement downforce-generating wings
on a race car with his Chaparral 2E [12]. Not long after, in
1968, F1teams began introducing wings, and so began a
new era of motorsport in which aerodynamic analysis
became an integral part of race car design.

A motorsport aerodynamicist’s high-level aim is to
optimize the airflow around a car to maximize downforce
per unit drag, to ensure a balanced front-rear aerody-
namic load, and to maintain predictable and stable
behavior across different operating conditions. This
simplified view neglects other considerations, such as
cooling optimization and drag reduction in high-speed
straight-line conditions, but it helps to motivate the need
for an aeromap. An aeromap is a motorsport-specific
aerodynamic database, which describes the relationship
between key aerodynamic outputs such as lift coefficient
(Cy), drag coefficient (Cp), and aerodynamic balance (AB)
as a function of several input parameters: front/rear ride
heights, roll, steer, and yaw angles. These input and output
parameters can be expanded to include more parameters
depending on the desired fidelity. Aeromaps are inte-
grated into vehicle simulations to evaluate the overall
performance of the car, leading to an understanding of
how the aerodynamics and setup can be optimized to
reduce lap time. An example of a ride height aeromap
generated in a wind tunnel by the Minardi F1 team and
used in the work of Gadola et al. [13] is shown in Figures
1and 2. The contour plot corresponds to an unspecified
aerodynamic coefficient (either drag, front downforce, or
rear downforce). In Figure 1, the black markers indicate
the ride heights encountered during maximum accelera-
tion and braking, effectively highlighting the extremes of
the car’s operational envelope. On the other hand, Figure
2 shows the output ride heights from a lap time simulator,
indicating the actual ride heights covered during a lap of
a specific circuit.

The rest of this section will discuss how aeromaps
are generated. First, the design of experiments (DoE), i.e,,
how the sampling of data is conducted, is discussed. Then,
the different aerodynamic data generation methods
within motorsport are discussed. This is followed by a
brief overview of how surrogate modeling can be used
to predict values away from the observed data. A
summary of these steps, along with the associated
methods, is shown in Figure 3.

Design of Experiments

DoE is a systematic approach for planning experiments
and simulations. In the context of an aeromap, this
involves defining a set of operating condition values, or
sample points, from which to measure the relevant output
parameters (C;, Cp, AB) to generate a training dataset for
the surrogate model. The design of computer
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experiments, also termed modern DoE (classical DoE
refers to physical experiments), can broadly be classified
into two groups: static and adaptive.

Static DoE refers to methods that generate a
sampling plan before any data are generated. This
approach is typically more straightforward to implement
but may result in suboptimal sampling if the underlying
function is not uniformly complex. Static methods include,
but are not limited to, Latin hypercube sampling (LHS)
[14], orthogonal array sampling (OAS) [15], Monte Carlo
and quasi-Monte Carlo methods [3], and uniform sampling
methods. With LHS and OAS being the most common
within the engineering literature [3].

Adaptive sampling allows for a more efficient alloca-
tion of computational resources by focusing sampling
efforts where they are most needed. This is achieved by

H rear

H front
e
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fitting a surrogate model to an initial sampling plan and
using information from the surrogate to inform the place-
ment of new samples. The two main components driving
adaptive DoE are exploration and exploitation:

e Exploration involves the global exploration of the
input domain to ensure that sample points are
spread across the entire space. The goal is to
prevent undersampling in any region, which could
lead to imbalanced accuracy across regions of
the model.

e Exploitation focuses on local regions where the
underlying function is complex or exhibits high
variability. By increasing the density of sample points
in these areas, the surrogate model can capture
complex areas of the data more effectively.
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Adaptive DoE methods that use both exploration and
exploitation to drive sample placement are known as
adaptive hybrid sampling methods. Quantifying function
complexity is achieved through methods such as cross-
validation error, linearity approximations, and predicted
error from Gaussian methods. The weighting given to
these two components is also important and can have a
significant effect on sampling performance [16]. A detailed
discussion of static and adaptive DoE methods is beyond
the scope of this review. For a comprehensive literature
survey of both static and adaptive methods, readers are
referred to Garud et al. [3].

Data Generation

This section introduces the three main ways of generating
aerodynamic data in motorsport: wind tunnels, CFD, and
on-track testing. This subsection provides brief context
on aeromap data acquisition; detailed discussion of
testing facilities, CFD methodology, or software tools is
beyond the scope of this review.

Wind tunnels enable the generation of
aerodynamic data through the use of a test geometry,
which is typically a scale model in both motorsport and
aerospace. Once the wind tunnel is operating, the model
is rotated and translated via actuators across the pre-
defined test points and a balance is used to measure the
desired forces and moments. One of the unique aspects
of a wind tunnel used for automotive or motorsport
purposes is the presence of a moving belt under the
model, also known as a moving ground plane, and a
suction scraper, which is positioned ahead of the belt.
These components prevent the creation of a ground plane
boundary layer that would otherwise alter the flow field
around the model. The moving ground plane is also
important for accurately simulating the flow around
rotating wheels, particularly in the region close to
the ground.

Using a wind tunnel introduces some factors that are
not present in an on-track scenario, such as walls, arms,
and Reynolds number effects. Care must be taken to
ensure that the presence of these effects has been
properly accounted for when processing the data. In
addition, simulating the curved flow a car experiences
when cornering is not typically practical, and in the case
of F1, attempting to create curved flow conditions is not
permitted [1]. This restriction, along with additional
constraints on model size and wind tunnel air velocity,
means that the data obtained from F1 wind tunnels can
deviate significantly from that found from on-track testing.
For further information, Toet [17] provided an overview
of the considerations required when performing wind
tunnel testing in F1, and Bushnell [18] detailed a more
general review of the scaling issues encountered in wind
tunnel testing.

The term “computational fluid dynamics (CFD)”
refers to computer simulations used to model fluid flows,
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such as air or water. These are governed by partial differ-
ential equations (continuity, energy, and momentum) that
cannot be solved analytically and, therefore, require
discretization and must be solved numerically.
Discretization is achieved via the use of a mesh, which
divides the fluid domain into cells. Specialized solvers then
use this discretization, along with the relevant boundary
conditions, to calculate flow quantities across the domain.
An example of a CFD simulation of a recent F1 car can
be found in Ashton et al. [19].

There are different levels of CFD solver fidelity, with
the most accurate methods generally demanding the
highest computational cost. In general, Euler equation
methods and panel methods are considered to have the
lowest fidelity and computational cost; these are still used
in aerospace-related literature for aerodynamic database
generation, but their use in high-level motorsport is no
longer commonplace. Reynolds-averaged Navier-Stokes
(RANS) models are widely used in both aerospace and
motorsport, as they provide sufficiently high-fidelity infor-
mation without the prohibitively high computational cost
associated with higher-fidelity solvers. RANS-based
methods can struggle with flows exhibiting large-scale
flow separation [20]. Large eddy simulation (LES) equa-
tions, on the other hand, are well-suited to flows with
large-scale flow separation but require significantly more
computational resources due to the inherently transient
nature of the simulation and the need to resolve small
temporal and spatial scales. A compromise, increasingly
used within motorsport and aircraft design, are hybrid
RANS-LES methods (the most widely used being the
detached eddy simulation (DES) method), which applies
LES modeling to resolve large-scale turbulent structures
away from the wall and switches to RANS modeling in
near-wall regions where modeling the flow is more
acceptable [21]. However, even with a DES approach, the
computational cost is typically an order of magnitude
greater than RANS. Because of this cost, most high-fidelity
datasets that will be reviewed in this paper have been
generated using a RANS model. In a sport such as F1,
where computational resources are constrained, the
improvement in fidelity obtained through using a DES
model is not necessarily worth the increased time cost,
given the reduced number of simulations this would entail,
and so a balance must be found between cost and
accuracy. As computational resources and hardware (e.g.,
GPUs) continue to increase, there will be greater use of
high-fidelity methods for CFD and aeromap data
generation.

The most realistic environment for
analyzing a race car is on a race track. Given that the car
has already been built, data from track tests are usually
used to validate, update, or augment the data that have
been generated using wind tunnels and computer simula-
tions. One of the drawbacks of this type of testing is the
reduced control over the relevant independent variables
that influence performance: wind speed and direction, tire
state, vehicle attitude, and environmental conditions.
Unlike wind tunnel testing, these variables are not

slow-moving enough to be considered steady-state for
measurement purposes. Furthermore, a full-scale car may
have more limited data acquisition capabilities compared
with a wind tunnel model.

Surrogate Modeling

Once a dataset has been generated, surrogate models
are often employed to learn the input—output mapping
in the data, making it possible to obtain output predictions
away from the sampled data points. Surrogate modeling
methods used in aerodynamic databases include, but are
not limited to, polynomial models [22], kriging [23], artificial
neural networks (ANNSs) [24], and support vector machines
(SVMs) [25]. The next section in this paper introduces
kriging and neural network—based modeling, as these
two approaches are fundamental to most of the data
fusion methods that will be reviewed.

This section introduces the surrogate modeling methods
used in combination with data fusion in the reviewed
literature. The methods about to be discussed can also
be classified as supervised machine learning methods;
that is, they are models trained on a dataset comprising
features (input parameter values) and labels (output values).

Kriging

This overview outlines the kriging method derivation from
Sacks et al. [26] as it most aligns with the data fusion
methods presented in the next section. This method
derives kriging from a frequentist standpoint, i.e, the
derivation is achieved through a constrained minimization
of the mean squared error of the kriging predictor. For a
Bayesian derivation, the reader is referred to the work of
O’Hagan [27]. Both standpoints result in the same kriging
predictor being derived. The model input x is treated as
a vector, where each element describes one dimension
or feature of the input, and the model output y is treated
as a scalar. The kriging approach assumes that the system
response y(x) can be treated as the realization of a
random function Y(x) modeled by a Gaussian process Z(x)
plus some trend p, which can be either a constant mean
value or a regression model:

Y(x)=u+Z(x) (1)

The three most common forms of this type of kriging
are simple kriging, where p is assumed to be constant
and known; ordinary kriging, where p is assumed to
be constant and unknown; and universal kriging, where
a set of regression functions and parameters model the
trend. The expression for universal kriging is shown below:

Y(x):h(x)TB+Z(x) (2)
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where h(x) is a known vector of regression functions and
B is a vector of parameters. In ordinary kriging, h(x) = [1].

The remaining part of this section will focus on
deriving the best linear unbiased predictor (BLUP) for
universal kriging. A BLUP means that the predictor being
sought is:

e Best: The predictor mean squared error (MSE) is to
be minimized within the class of linear predictors.

e Linear: The predictor is a linear function of the
observations, y.

e Unbiased: The expected value of the predictions is to
be the same as the expected value of the random
process at the prediction point.

Starting with the observed data, also known as
training data, where the observed inputs are X = [X;,..,X,]"
and outputs 'y = [y,..Va]" A linear predictor is a predictor
of the form:

f/(x)zc(x)Ty 3)
where c is a vector of weights that depends on the test
point, X. Then y is replaced with its associated random
process Y = [Y;,.., Y,]". Next, the unbiasedness condition
is enforced by equating the expected value of the
predictor to that of the random process:

e[7] - =[] @

This leads to the unbiasedness constraint:
C(X)TH:h(x)T 5)

where h(x) is a column vector of known basis func-
tions evaluated at the test point and H is the design
matrix, which is constructed by stacking the h vectors for
each training point. The random process Z(x) is assumed
to have a zero mean and a covariance of the form:

Cov(x, x’) = O'ZK(X, x’) 6)

where ¢? is the system variance, K is the covariance
function or kernel, and x, X’ are two points in the input
domain. For example, the power exponential kernel is

] 7)

where 6; and p; are parameters that vary across the d
input dimensions.

Next, y and y(x) are treated as random quantities.
Following a frequentist approach, the MSE of the predictor
averaged over the random process is computed. The
vector ¢(x) is chosen to minimize:

I\/\SE[{/(X)J=E{(C(X)TY_Y(X))2} ®)

d

K(x, x') = Hexp(—ej ‘X/ -X;

i

Minimizing this leads to the BLUP. This leads to
the MSE:

min(l\/\SE):02[1+c(x)TRc(x)—2c(x)Tr(x)} ©)

where R is the covariance matrix between the training
points and r is the cross-covariance matrix between the
training points and the test point x. The constrained mini-
mization of the MSE is accomplished through the use of
the Lagrange multipliers A. Thus, ¢(x) must satisfy:

[o HT} A(x)|_|h(x) a0)
H Rjc(x)| |r(x)

The BLUP can be determined by inverting the parti-
tioned matrix:

f/(x)=h(x)Tﬁ+r(x)TR’1(y—HB) (11)

~ -1
where B=(HTR4H) H'R™Y is the generalized least-
squares estimate of the trend parameter vector.
Substituting Equation 11 into Equation 9 leads to the MSE
estimate for the prediction:

The parameters within the correlation function can
be optimized, typically, through a maximum likelihood
estimate (MLE) or a cross-validation approach. For the
MLE approach, the aim is to select the parameters that
maximize the likelihood of the observations y. The opti-
mization is achieved by maximizing the concentrated
In-likelihood function, which is derived by taking the
natural logarithm of the Gaussian likelihood and removing
constant terms:

In(L) ~ —gln[(y -Hfs)T R (y —Hﬁ)j - %IH\R\ (13)

Typically, a numerical optimization method is used to
maximize this function; Ollar et al. [28] provided a compar-
ative study of different gradient-based hyperparameter
optimization methods for kriging. Alternatively, leave-one-
out cross-validation (LOOCV) error can be minimized to
optimize the parameters. In this case, the observed data
is split into a training set and a validation set. A kriging
model is fitted using the reduced training set, and the
error between the prediction and the validation point is
computed. This process is repeated for all the points, and
the mean error is calculated. An example of this approach
can be found in the work of Muyskens et al. [29].
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Artificial Neural Networks

The fundamental building block of neural networks is the
neuron, also known as the unit or node. A neuron receives
any number of inputs called features and processes them
in a nonlinear fashion to return an output. The function
that characterizes a neuron is

a= a(wa + b) (14)

where w is the vector of weights, x is the input vector of

features, and b is the bias term. The activation function,

o, applies a nonlinearity to the output, which enables a

neural network to model nonlinear functions [30].
There are many activation functions; however, some

of the most common are:

e Sigmoid function: a(x) = L Often used in

(1 + e’X)
binary classification as it maps the input to an
output between 0 and 1 [31].

X —X

e
e +e”

—e

e Hyperbolic tangent (tanh): a(x) = Maps the

output between —1and 1[31].

e Rectified Linear Unit (ReLU): ¢(x) = max(0, x). Returns
the input if the input is positive. Otherwise, it returns
0. ReLU is simple and, therefore, fast to compute
and mitigates the vanishing gradient problem [32].

When multiple neurons are connected in layers, they
form an ANN. ANNs are able to learn complex relation-
ships between input and output data for regression or
classification tasks. Different configurations of neurons
are used for different categories of tasks; CNNs are
commonly used with grid-like data such as images, and
recurrent neural networks (RNNs) are often used with
sequential data, where order matters. One of the more
straightforward network types is the aforementioned
MLP, also known as a fully connected network (FCN) or
feedforward neural network (FNN). An example of an
MLP’s architecture is shown in Figure 4.

The ability of a neural network to predict is depen-
dent on how well its parameters represent patterns in
the training data. The action of optimizing the network

m Architecture of an MLP with three hidden layers.

( )

-

5aY 'AA“
W\

Output layer

N

Hidden layers

Input layer
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parameters is known as training the network; this is done
by minimizing a loss function. The loss function evaluates
how well a network is learning by comparing the model
prediction with respect to a feature vector, with the label;
this information can then be used to adjust the model
parameters so that the loss function is minimized. There
are many loss functions available to use for training a
neural network, and typically, the choice of loss function
will depend on whether the model is being used for
regression or classification. Common loss functions for
regression tasks include mean absolute error (MAE) and
MSE. The MSE is defined as:

n

Lwse = %Z

i=1

i (15)

where y is the training label, ¥ is the predicted label for
the ith training example of n [30]. Minimizing the loss
function is typically achieved by performing gradient
descent, where the gradient of the loss function with
respect to the model parameters is used to iteratively
update the weights of the model in conjunction with a
scaling factor known as the learning rate:

Wiew = Weyrrent — ava(Wcurrent) (16)

where w is the vector of weights, « is the learning rate,
and V, L(W_,ren) iS the gradient of the loss function evalu-
ated at the current weights [31]. For multilayer networks,
this gradient is calculated efficiently using the backpropa-
gation algorithm. In general, selecting a learning rate that
is too small will result in a longer training time as more
iterations are required to reach the local minimum.
Conversely, selecting a learning rate that is too high may
result in overshooting the minimum.

In practice, data is processed in batches. A forward
and backward pass of all training examples is an epoch.
The batch size is the number of examples used in a single
forward/backward pass. An iteration corresponds to one
such pass (i.e,, one weight update). Training can
be performed using different strategies: batch gradient
descent uses the entire training set for each iteration.
This is computationally expensive and memory-intensive
for large datasets. Alternatively, stochastic gradient
descent (SGD) updates parameters based on the loss
calculated over a mini-batch (typically one to a few
hundred examples) [30]. This approach is more efficient,
and its noisy updates can help the model generalize
better. To improve convergence, adaptive learning rate
algorithms such as AdaGrad [33], RMSProp [34], and
Adam [35] are used.

The performance of a neural network depends
heavily on its hyperparameters; configurable settings like
the number of layers, the number of neurons per layer,
the learning rate, and the number of epochs. To tune
these, data is typically split into training, validation, and
test sets (e.g., 60%, 20%, 20%). The training set is used to
learn the model weights. The validation set is used to
evaluate performance and tune the hyperparameters.
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For small datasets, cross-validation methods like LOOCV
can be used instead. Finally, the test set provides a final,
unbiased assessment of the finalized model's perfor-
mance. The model must not be altered after evaluation
on the test set to ensure the integrity of its perfor-
mance metric.

This section reviews data fusion methods used to
generate aerodynamic databases for flight simulation.
Here, data fusion refers to modeling approaches that
combine multiple datasets to reduce the overall cost of

data generation without sacrificing model accuracy. This
definition encompasses multi-fidelity techniques, which
integrate datasets of differing fidelity, as well as transfer
learning: a machine learning method in which a model
trained on one task is adapted for a similar but distinct
task. The section is organized into three parts: surrogate-
agnostic, kriging-based, and neural network—based
methods. An overview of the methods and their respec-
tive references can be found in Table 1.

To define scope, aerodynamic databases used for
flight simulation are differentiated from response surfaces
for aerodynamic shape optimization (ASO). Aerodynamic
databases take positional inputs (e.g., angle of attack and
sideslip) and map them to quantities of interest (Qol) such
as aerodynamic force and moment coefficients. By
contrast, ASO response surfaces take design parameters
(e.g., aerofoil control points, camber, twist) as inputs and

TABLE 1 Research efforts on data fusion for aerodynamic databases.

Reference Year Surrogate model Data fusion type

Rajkumar et al. [24] 2002 ANN ANN fine-tuning

Tang et al. [36] 2003 Linear interpolation Additive scaling

Tang et al. [7] 2005 Kriging Multiplicative scaling

Ghoreyshi et al. [8] 2008 Kriging Multiplicative scaling

Ghoreyshi et al. [37] 2009 Kriging Input vector augmentation

Han et al. [38] 2010 Kriging NCM

Kuya et al. [6] 2010 Kriging AR1 (KOH)

Yamazaki et al. [39] 20M Kriging NCM

Da Ronch et al. [40] 201 Kriging Input vector augmentation

Han et al. [41] 2012 Kriging Hierarchical kriging

Cristofaro et al. [42] 2014 Kriging Input vector augmentation

Tancred et al. [43] 2015 Kriging NCM

Rumpfkeil et al. [44] 2016 Kriging Hierarchical kriging (gradient-enhanced)

He et al. [45] 2017 Kriging and RBF Additive scaling

Lee et al. [23] 2017 Kriging Multiplicative scaling

Mohammadi-Amin et al. [46] 2018 Kriging ART (KOH)

Tyan et al. [9] 2018 Kriging Additive scaling

Kaya et al. [47] 2019 Kriging AR1 (KOH)

Kim et al. [48] 2019 Kriging Scaling (additive, multiplicative), space
mapping

Mukhopadhaya et al. [49] 2019 Kriging AR1 (recursive cokriging)

He et al. [10] 2020 ANN Multi-fidelity neural network

Zhang et al. [50] 2020 Kriging and mixture of experts AR1 (KOH)

Quinlan et al. [5] 2021 Kriging ART1 (recursive cokriging)

Arenzana et al. [51] 2021 Kriging AR1 (recursive cokriging)

Lee et al. [52] 2021 Kriging AR1 (KOH)

Burchett et al. [53] 2022 Fourier model Fourier series interpolation

Peng et al. [54] 2023 Kriging Improved hierarchical cokriging

Pham et al. [55] 2023 Kriging Extended hierarchical cokriging

Quinlan et al. [56] 2023 Fourier basis, kriging Fourier basis, AR1 (recursive cokriging)

Burchett et al. [57] 2023 Kriging AR1 (KOH)

Scoggins et al. [58] 2023 Kriging Multihierarchy Gaussian processes

Yang et al. [59] 2024 Kriging Pointwise variance optimization

Rataczak et al. [4] 2024 Kriging (multi-output) AR1 (recursive cokriging)

Ni et al. [11] 2024 ANN Fine-tuning

Xu et al. [60] 2024 Kriging Hierarchical kriging

© The Authors
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map them to similar Qol. Because the target application
is motorsport aeromaps, and the motorsport-specific
literature is sparse, this review is restricted to flight simu-
lation aerodynamic databases, which most closely mirror
the aeromap formulation; ASO works are cited only when
their methods directly inform aerodynamic database
construction. For machine learning methods in ASO, see
Li et al. [61]. Accordingly, this review includes studies
whose inputs are positional variables and excludes those
whose inputs are design variables.

Surrogate-Agnostic Methods

The first category of data fusion methods will be referred
to as surrogate-agnostic, this category comprises scaling
functions and input vector augmentation. These methods
do not rely on a specific modeling technique to achieve
data fusion.

Variable complexity modeling (VCM)
was introduced by Hutchison et al. [62] for design opti-
mization, which was based on the global-local approxima-
tion method [63]. The method uses a scaling or bridge
function o(-) that describes the relationship between the
high- and low-fidelity data f(-), f,(*) by taking the ratio of
the data at a specific sampling point xg:

o(xy) = 1) (1)

fL(XO)

Then, a quadratic response surface model is fitted to
the ratio values at each sample point using a least-squares
algorithm:

P P
o(x)=co+ qu, + ZCUX'X ; (18)
e

i,j=1

where x; represents the input variables, ¢; are the poly-
nomial coefficients, and p is the number of input param-
eters. The enhanced function is then calculated by multi-
plying the bridge function o(x) by the low-fidelity data,
leading to a multiplicative scaling function:

f(x) ~ a(x)fL(x) (19)

Tang et al. [7] highlighted two issues with the multi-
plicative scaling function. First, if f,(x) is very small or
approaches zero, the scaling function o(x) can become
unrealistically large or fail altogether. Second, the choice
to use a quadratic function to model the scaling factor
would prove inaccurate if the data did not correspond to
a linear or quadratic trend. To address these issues, the
authors proposed defining the scaling function as an
increment rather than a ratio. Lewis and Nash [64] also
proposed the same additive scaling function in the context
of optimization. To address the limitations of a quadratic
model, the increment function, g, was modeled using

kriging, improving the flexibility and accuracy of the
scaling function. The increment function values are calcu-
lated as follows:

ﬂ(xo):fH(XO)_fL(XO) (20)
This definition yields the additive scaling function:
f(x) ~ ,B(x)+fL(x) (21)

where f(x) is a kriging model trained with the increment
data. This form of additive scaling function was used to
generate aerodynamic databases with one, two, and three
input variables (angle of attack, Mach number, and
sideslip), with low- and high-fidelity data obtained from
Euler and Navier-Stokes simulations, respectively. In these
three test cases, data fusion (in combination with an
adaptive sampling method for the second and third cases)
reduced the computational cost to 31%, 32%, and 25%,
respectively, of the equivalent high-fidelity simulation
generated with a full-factorial sampling plan, while main-
taining a high level of accuracy.

Though simple, increment functions have been
used to good effect in aerodynamic database modeling,
with subsequent implementations by Ghoreyshi et al.
[8], where they were applied to a UAV configuration. In
this application, various low-fidelity datasets, digital
DATCOM and VLM code, were fused with a small
number of RANS solutions. The authors found that
using both low-fidelity datasets along with only one
RANS sample resulted in a model that showed strong
agreement with a test set of RANS (HF) observations.
Lee et al. [23] applied this approach to a gliding vehicle
aerodynamic database using VLM and RANS solutions
as the low- and high-fidelity datasets, respectively. Part
of the success of this method is dependent on the
relationship between the high-fidelity and low-fidelity
datasets, along with where the high-fidelity data is
sampled. If knowledge of the full HF dataset is available,
then it is straightforward to optimize sample placement
to fully capture the relationship between LF and HF
datasets. However, this knowledge is not typically avail-
able, meaning that a small number of HF samples could
easily corrupt the multi-fidelity model. Another limita-
tion of this approach is that it does not provide an
uncertainty estimate when used in conjunction with
kriging, making scaling functions less ideal for uncer-
tainty-based adaptive sampling methods.

A form of input vector
augmentation was implemented by Ghoreyshi et al. [37]
to achieve data fusion for aerodynamic tables. The
method works by initially training a regression model on
the available LF data and evaluating it at the HF sample
locations based on the notion that the high-fidelity data
yy are a function of both the inputs X and the low-fidelity
data y;:

yu=F(X v (22)
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Given the training features x; and labels y;, the low-
fidelity predictor is denoted as y,. The HF feature vector
is augmented by the predicted response using the model
trained on the LF data:

X9 = [x1,...,xn,yL (x,»)J (23)

where x; is the ith original feature vector and QL(X,) is
the surrogate model trained on the LF dataset and
evaluated at the HF sample locations. x; to x, are the
relevant input parameters, also known as features. The
augmented feature vector can then be used to train a
multi-fidelity surrogate, where evaluation is performed
on an augmented test vector of the same form as the
training vector. This augmented approach allows the
surrogate to learn information from both the LF and
HF datasets. The authors applied this method to update
an aerodynamic dataset based on the availability of an
initial one. Here, the geometry was incremented from
an initial design. A new dataset of 29 geometries was
generated using different wing sweep, wing and tail
aspect ratios, fuselage lengths and diameters. This data
fusion reduced the number of high-fidelity samples
needed to just 10. For comparison, generating the aero-
dynamic database from scratch required 35 high-
fidelity samples.

Kriging-Based Methods

The treatment of multiple cross-correlated variables for
regression was initially developed within mining geosta-
tistics [65, 66]. The term given to this methodology is
cokriging. Cokriging gained popularity within surrogate
modeling following the work of Kennedy and O’Hagan
[67], where the approach was extended to modeling for
computer experiments. Since then, various adaptations
of multi-fidelity kriging models have been proposed. This
section discusses the methodology and the unique char-
acteristics of each approach, along with the applications
within aerodynamic database generation. For a compre-
hensive review of cokriging methods for engineering
surrogate modeling, the reader is referred to the work
of Brevault et al. [68].

In 2000, Kennedy and O’Hagan
[67] proposed a first-order autoregressive (ART) method
that approximates a higher-fidelity output using a scaled
lower-fidelity model in addition to a correction term:

Ye (X) = Py (X)+5c(x) (24)

where y,()) is the high-fidelity model prior, p; is the scaling
factor that quantifies the correlation between the high-
and scaled low-fidelity data, y,+(-) is the lower-fidelity data

modeled by a Gaussian process, and &) is a separate
Gaussian process used to model the discrepancy between
the high- and low-fidelity data. To distinguish this approach
from the subsequent AR1 methods, this model will
be referred to as the KOH model. For two levels of fidelity,
the model is denoted as

V2(x) = i (x) +6,(x) (25)

For simplicity, the remaining explanation for this
method will assume only two levels of fidelity. Like single-
fidelity kriging, cokriging requires the construction of a
covariance matrix. This covariance matrix, R, is an exten-
sion of the single-fidelity covariance matrix but with addi-
tional correlation terms for the LF data and the discrep-
ancy data. To obtain the covariance matrices for the
various datasets, the method applies a form of
Markov property:

(:ov[y2 (x) v, (x’)|y1 (X)J =0, VX' #X (26)

This enforces the assumption that no more informa-
tion can be obtained at y,(x) from the lower-fidelity data
y4(X) for ¥x’ # x. This leads to the covariance matrix, where
the top-left block corresponds to the low-fidelity covari-
ance, while the bottom-right block corresponds to the
high-fidelity covariance. The off-diagonal blocks corre-
spond to the correlation between the high- and low-
fidelity data:

_ 012K1(X1,X1) p1(712K1(X1,X2)
pWO-WZKW(XZvX1) p120'12K1(X2,X2)+0'22K2 (szxz)
(27)

where K, is the kernel, X,, are the input data and Gf is the
system variance for a specific fidelity level t. As a result
of the additional correlation terms, there are twice as
many model hyperparameters to determine, in addition
to the scaling factor, p. Hyperparameter optimization for
the low-fidelity dataset can be achieved by maximizing
the concentrated In-likelihood of the dataset. The Markov
property defined in Equation 26 implies that the high-
fidelity hyperparameters only depend on the high-fidelity
data. Consequently, these hyperparameters are found by
minimizing the concentrated In-likelihood of the discrep-
ancy dataset, given by

d =Y, — piys (Xz) (28)

The mean function of the posterior acts as the
cokriging predictor at a test point:

T

Q(X)zh’(x)TﬁH(x) R’1(y—H[§) (29)
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The matrices that make up the predictor are
as follows:

W(x) =|pn(x) h(x) |

(30)

- | B Ty TR
=+ |=(H'R"H) H'R
B B} (HRH) HRy
r(x)T = [pp'fK1 (X,X1)
y:{y1:|
Y2

where h'(x)T is a vector of basis functions, B is a vector
of regression coefficients, determined through general-
ized least squares, H is a design matrix of basis functions,
r(x)" is the cross-covariance between the training data
and the test point, and y is the vector of stacked
training data.

In scenarios with many samples or multiple fidelity
datasets, the KOH method can become computationally
demanding because the size of the covariance matrix R
grows with both the number of samples and the number
of datasets. To address this limitation, Le Gratiet and
Garnier proposed recursive cokriging [69] as a more effi-
cient way of implementing the AR1 approach. The
increased efficiency comes from recursively treating the
autoregressive structure, thereby making it possible to
train each level of fidelity individually, thus reducing the
cost associated with inverting large matrices. The
predictor for recursive cokriging is

pioK, (X,Xz)
+03K, (XX )

7e(x) = P (x) +F.(x) B

. (31)
e (X)R;1 (yt = P (Xt) - FtBt)

where F and F replace the vector of basis functions and
design matrix with the recursive equivalent that models
the mean trend of the residual. Initially, the process trains
a model on the lowest fidelity dataset. Then, the higher-
fidelity models are trained on the difference between the
observations at the current fidelity level and the observa-
tions at the same training points for the previous fidelity

level. In addition, the covariance matrixR, = [aﬁKt (Xt, Xt)},

implementing only one level of data fidelity at a time. This
approach has the benefit of only needing to invert s
smaller covariance matrices rather than one large one.
Through this method, the computational expense is

3
reduced from O[[Z__1 m,} ] to O([Z‘(1 mﬁD where s

is the number of fidelity levels.

Mukhopadhaya et al. [49] used both the KOH and
recursive AR1 approaches to generate an aerodynamic
database for the NASA common research model. In this
work, the authors implemented three levels of data
fidelity: VLM simulations, RANS simulations, and wind
tunnel data. The authors compared the KOH implementa-
tion of the ART approach with recursive cokriging and
noted that computational time savings increased with
the number of datasets and dimensionality. The results
from this time complexity analysis are shown in Figure 5.
Mohammadi-Amin et al. [46] applied the KOH approach
to generate an aerodynamic database for the Orion
reentry vehicle. The authors found that the computational
time required for all the necessary HF and LF simulations
could be reduced from 75 h to 24 h (68%) compared with
a single-fidelity model. In addition, if the task was updating
a previous database, the reduction increased to 12 h (84%).
Kaya et al. [47] used the KOH method to generate a one-
dimensional aerodynamic model for a UCAV. LF data were
generated using an Euler solver, and HF data were gener-
ated using a RANS solver. To avoid the need for extrapola-
tion, initial HF samples were located at the boundaries
and mid-points of the domain, and new HF points were
added adaptively based on a weighted average of the
maximum error, where the error was calculated as the
absolute value of the difference between the multi-fidelity
model and the high-fidelity model. The authors compared
an ordinary and universal form of the KOH method, the
former assuming a constant mean and the latter assuming
a global polynomial trend. The universal KOH was found
to outperform ordinary KOH, requiring one fewer HF
sample, out of a total of seven, to achieve similar accuracy.

Rataczak et al. [4] used a multi-output implementa-
tion of recursive cokriging to leverage the correlation
between output parameters for a hypersonic vehicle. The
authors used an intrinsic coregionalization model [70] to
correlate the model outputs. The authors then compared
the multi-fidelity model to a single-fidelity model for
generating an aerodynamic database. The multi-fidelity
model demonstrated a marked performance improve-
ment, requiring only half as many high-fidelity training
points as the single-fidelity model. These results are
shown in Figure 6. This work demonstrated that multi-
output kriging can be effective when applied to aerody-
namic database generation. However, the authors did not
compare the performance of separate single-output
models with the multi-output model to verify whether
the multi-output method provided improved accuracy
over the single-output methods.
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New Cokriging Method In 2010, Han et al. [38] proposed
an alternative approach to AR1 cokriging as a direct exten-
sion to geostatistical cokriging but targeted toward
computer simulations. This method was introduced as
the new cokriging method and will be referred to as NCM
in this work. NCM uses a different covariance matrix
formulation from AR1, and the proposed model form
follows the principle of ordinary kriging, i.e., the trend
component of the predictor is formed of a constant mean.
The HF and LF observations are stacked in one column
vector, then an augmented correlation matrix is
constructed. The NCM approach has the benefit of being
more straightforward to implement and having more in
common with single-fidelity kriging. The predictor is
given as

where

2(x)zhT[§+rT(x)R’1(y—HB) (32
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with ry, 1, being the covariance vectors between the low-
and high-fidelity data and the test point x. R", R, R?', R*
are the covariance and cross-covariance matrices between
the low- and high-fidelity data, and H is the design matrix
for a constant mean. The terms in the h vector are used
to select only the B, term from the generalized least-
squares predictor; this is the term that relates to the
high-fidelity data.

As with the ARTmethod, the NCM uses a joint corre-
lation matrix to correlate the datasets, the difference
being that this joint correlation matrix does not assume
the same autoregressive structure. Instead, a parameter
transformation is performed to remove the system vari-
ances o7 and o, from the covariance matrix and into the
stacked output vector as a scaling factor on y,. This
reduces the probability of encountering numerical insta-
bilities when the magnitudes of ¢; and o, are significantly
different. Another benefit stems from the lack of assump-
tion of a Markov property, resulting in no longer requiring
nested sampling plans. Furthermore, all hyperparameters
can be optimized in one step, in contrast to the multi-step
procedure used in the KOH method. The authors also
note that function gradient information can be imple-
mented more easily, opening up options for a gradient-
enhanced kriging model. The one drawback noted by the
authors is the small increase in computational expense
of NCM relative to the KOH method.

Yamazaki and Mavriplis [39] used a similar method
to NCM to generate aerodynamic databases for the
common research model and also applied the technique
to a drag minimization problem for a 2D aerofoil. In this
work, the authors successfully implemented gradient
information using the method detailed in [71] to obtain a
faster reduction of the objective function value. The
gradient information was incorporated into the model via
additional terms in the covariance matrix. Tancred and
Rumpfkeil [43] used the same multi-fidelity method as
Yamazaki and Mavriplis to generate an aerodynamic
database for a generic hypersonic vehicle, fusing LF data
from a modified Newtonian method with HF data from
an Euler solver. The database had Mach number and «
as inputs and C; and Cp as outputs. The authors obtained
the initial high-fidelity samples at the corners and center
of the Mach-a domain and the initial low-fidelity samples
through LHS. An intermediate multi-fidelity model was
then fitted, and adaptive sampling was applied to place
new high-fidelity samples. The analysis showed that
increasing the amount of low-fidelity data (0, 50, 200
samples) tended to improve the accuracy of the response
surface. However, in one case with 10 HF samples, adding
50 LF samples actually reduced the modeling accuracy.
This was remedied by increasing the number of LF
samples to 200, but this raised the issue of LF samples
interfering with the model for some sample sizes.
Furthermore, the authors noted that once the number
of HF samples was increased over 20, the benefit of
introducing LF samples was diminished.

As discussed earlier, universal
kriging refers to a Gaussian process regression model

with a general trend model. This trend model is typically
defined using a linear or quadratic polynomial. In 2012,
Han and Gortz [41] proposed hierarchical kriging (HK), a
method that uses a secondary Gaussian process to model
the trend. Because of how the multi-fidelity datasets are
combined, ART and NCM models output an implausible
uncertainty estimate which oscillates about the low-
fidelity data points. This behavior can lead to ineffective
sample placement when using adaptive sampling based
on this uncertainty estimate. The HK predictor is
constructed in such a way as to provide a plausible uncer-
tainty estimate. To build the predictor, first, a surrogate
is built using the low-fidelity data

Yi(x) =B+ Zi(x) 34)

where [31 is an unknown constant and Z;(x) is a stationary
Gaussian process. The low-fidelity kriging predictor is
given as

Vi (X) = ﬁ1 +r (X)T Ry (y1 - Bf]) (35)

where R; is the covariance matrix of low-fidelity observa-
tions, r is the correlation vector representing the correla-
tions between the test point and the observed points,
and 1is a vector of ones that is the same length as the
number of observations. Then, the high-fidelity function
is modeled as

Y (%) =B.91+ Z(x) (36)

The expression for the high-fidelity predictor is
given as

)A/z(x):B2)71(X)+r2T(X)R;(y2_B2H) (37)
where

H, = [yt_1(x(1),...,)7t-w (X(n)”T

R, = [Kt(Xt, X;)J a8
= [Kt (X, x)]

~ -1
B = (HRH,) HRY,

for fidelity level t. Compared to ART methods, HK does
not rely on a cross-correlation term between the low- and
high-fidelities, resulting in a less complex model with a
smaller covariance matrix than the KOH approach.
Because of this formulation, the model outputs a more
plausible uncertainty estimate than the AR1 method.
Importantly, this improved uncertainty estimate is
achieved with a similar computational cost to recur-
sive cokriging.

HK has undergone various adaptations since it was
first proposed. In 2019, Zhou et al. [72] adapted the
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method to enable it to accept both nested and non-
nested multi-fidelity sampling plans. This adapted method
was termed generalized hierarchical co-kriging (GCK). The
authors compared GCK against the KOH method and HK,
as well as another method called hybrid kriging scaling
(HKS), on various engineering problems, one of which was
an aerodynamic database for a 2D aerofoil. The authors
found that GCK performed identically to KOH when using
nested samples. Furthermore, for non-nested samples,
they found that GCK’s improvement relative to KOH
increased as the number of LF samples decreased.
Conversely, HK performed better than GCK when a small
number of LF samples were used, and GCK improved
over HK when the number of LF samples was large.

Peng et al. [54] proposed an improved HK (IHK)
approach and applied the framework for unsteady
modeling by [73] to adapt HK for unsteady flow modeling.
Pham et al. [55] proposed an extended HK (EHK) method
and used it to generate an aerodynamic database for an
eVTOL aircraft. Xu et al. [/4] introduced an expert’s expe-
rience-informed HK (EEI-HK) method to address the
limited extrapolation capabilities and physical interpret-
ability of standard kriging-based methods. Rather than
using a low-fidelity model as the trend function, this
approach defines an empirical trend based on expert
experience and physical knowledge of the system. The
work proposes trigonometric series, polynomial incre-
mental models, and state-space models as some of the
experience-informed trends for the kriging model. This
approach was validated on a missile geometry and hyper-
sonic flight vehicle geometry, and the authors found that
EEI-HK outperformed ordinary and universal kriging in
both interpolation and extrapolation, across lift, drag, and
moment coefficient outputs.

Scoggins
et al. [58] proposed muitihierarchy Gaussian process
regression (MHGPR), a generalized form of the AR1frame-
work which does not require a strict ranking of datasets.
Instead, this model structure relies on an idealized nominal
baseline dataset along with several correction functions
representing different sources of deviation from the
nominal dataset. The method assumes that the true
function f(x) can be described in the following form:

f(x) =1y (x)+iw,Af, (x) (39)

where w; are weights that control the level of influence
of each correction function A fi(x) and fy(x) is the nominal
function, modeled by a zero-mean Gaussian process
f,(x) = 8 (x) ~ GP(0, K;), with kernel K, The correction

functions Afi(x) are defined by the offset between the
nominal function fy(x) and the unknown underlying
function fi(x):

AfF(X)=F(x)-F(x), vie{l..c| (40)

where each fi(x) is assigned a two-fidelity Gaussian
process prior:

£(x)= o (x) +3(x) @
5,(x)~GP(0,K) 42)

Following the determination of the fidelity relation-
ships, the Gaussian process prior on the unknown function
is conditioned on the training data to determine the
predicted mean and variance. Determining the weights w;
can be done using a truth dataset, or, in the case of no
truth data, the weights can be assigned prior distributions.
The MHGPR was applied to an aerodynamic database test
case for the Orion spacecraft crew module by training the
model on three Orion Crew Module wind tunnel datasets,
with a fourth dataset acting as the test set. The first
dataset was treated as the nominal condition, and the
other two datasets were treated as corrective datasets
with the aim of capturing the effect of roughness and
asymmetries in the geometry. The authors noted good
agreement between the predictions and the test set.
Furthermore, the interpretable nature of the model was
used to analyze various characteristics of the modeled
aerodynamic coefficients. For example, larger correction
weights associated with surface roughness for the drag
and pitching moment coefficients suggested that these
coefficients were more dependent on surface roughness
than the lift coefficient, which had smaller correction
weights associated with those correction functions.

Yang et al. [59] intro-
duced a pointwise variance optimization strategy called
Distribution-Based Weight Control (DBWC) for optimizing
the fusion of multi-fidelity datasets. This method lever-
ages heteroscedastic Gaussian processes (HGPs) to
minimize local predictive uncertainty via the optimization
of weight allocation to each fidelity level. The model
outputs relating to each fidelity are fused by taking their
weighted sum

P (x) = > Wi (x) “3)

where V,, is the HF prediction, w; is the weight coefficient,

and Y, (X) is the prediction for the ith fidelity level model.
The predictive variance of the ith fidelity level model is

67 (x) = 6ieri (x) + 67 () (44)

where &gp, is the HGP posterior variance and &ﬁ,(x) is
a user-specified fidelity variance, which is based on expert
knowledge or user experience. To determine the weight
coefficients, the weights are optimized to solve
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where x is a prediction point, x; is a sample point, k is the
number of nearest sample points to x, and m is the
number of fidelity levels. The solution to this optimization
can be obtained in closed form via the Lagrange multiplier
method. The authors then propose a weight adjustment
scheme that modifies the weight coefficients depending
on how well the region around the prediction point is
covered by that fidelity level's samples.

DBWC was applied to a Branin function test case to
evaluate how the similarity between an LF and an HF
dataset affected model performance. Subsequently, the
DBWC method was used to fuse drag coefficient data
for a Sanger-like vehicle. 20 HF and 78 LF samples were
used to cover the two-dimensional input space of Mach
number and angle of attack. Several models were
compared with the DBWC method, including the vari-
ance-weighted sum method from [75], cokriging, a multi-
fidelity neural network, and improved HK. The DBWC
method was found to outperform all the other methods
in RMSE and maximum absolute error.

ANN-Based Methods

The third and final category of data fusion methods
relates to neural networks. The following methods imple-
ment data fusion either using the training mechanism of
neural networks or their modular nature.

Transfer learning through fine-tuning is a type
of inductive transfer learning [76] and has been used to
fuse multi-fidelity datasets in ASO [77, 78]. The motivation
for pre-training a network on LF data, freezing a subset
of the model layers, and then fine-tuning on HF data is
that the network learns to model the high-fidelity data,
while still retaining knowledge of the low-level features
(learned from the LF data) that are still relevant to the HF
dataset. This type of transfer learning is included as a form
of data fusion, as it involves combining two multi-fidelity
datasets to improve predictive performance.

Neural networks have been used since the 1990s as
a means to model aircraft aerodynamic coefficients
[79-81]. However, one of the first implementations of
neural network—based data fusion is in the work of
Rajkumar et al. [24]. In this technical note, the authors
detail a method where a three-layer MLP is trained on a
rich dataset comprising 233 training pairs from a wind
tunnel test. The rich dataset allows the network to learn
the general pattern characterizing a particular aerody-
namic coefficient, which in this case is the lift coefficient
with respect to angle of attack and Mach number.
Subsequently, the model is retrained on a sparse dataset
of nine training pairs so that this sparse dataset can
be more accurately interpolated.

Wu et al. [82] used fine-tuning with LF and HF CFD
data for the purpose of ASO. Though this is not strictly

the same as generating a conventional aerodynamic
database, the model was used to model lift and drag
coefficients with respect to some design variables. For
an aerodynamic database, these design variables would
be replaced with state variables such as angle of attack
and Mach number. Transfer learning is achieved by pre-
training the network on an LF dataset generated with a
coarse mesh, then two of the three network layers are
frozen to preserve the high-level features, and finally, the
model is retrained on the HF fine mesh data. Liao used
a similar approach, but with convolutional neural networks
[78], and Leng extended the method to three levels of
fidelity [83]. Outside of aerospace, this fine-tuning method
has also been used in chemical modeling [84] and battery
modeling [85].

In the work of Ni et al. [11], the authors implemented
an aerodynamic modeling method using transfer learning
and a dendrite net (DD), a white-box model initially
proposed by Liu and Wang [86], due to the reported
improved performance when tasked with a limited
training dataset and the system identification properties
inherent in a white-box model. The DD architecture is
based on the function of a biological dendrite, and the
formula that represents its architecture is given by:

Y — Wt [...\/\//H (...\/\/Zﬂ (\/\/10)( o X)))}

L eN*

(46)

where X and Y are the input and outputs, respectively,
and WI,I"" is the weight matrix between modules | =1 and
l. The ® symbol represents element-wise multiplication
between the matrices. Ni et al. were motivated by the
work of Huang et al. [87], who had previously used a DD
as an aerodynamic surrogate model and demonstrated
that DDs could outperform an MLP model in both
accuracy and training time within this application. Unlike
most neural networks, DDs use a white-box algorithm,
which allows for feature extraction. The authors used this
property to extract the system features to generate a
polynomial aerodynamic model. First, the model is trained
on a dense dataset of feature-label pairs of aerodynamic
data from a source dataset. Then, the model is retrained
on a sparser target dataset. The trained model can then
be used to obtain the polynomial coefficients via the least-
squares method:

A = (XIX) X, (47)

where A; denotes the fitting coefficient matrix and X, Y;
represent the inputs and outputs. Ni et al. [11] used this
approach to build an aerodynamic database for an
SN-LS-T configuration missile. The DD model is compared
with an MLP model and a long-short-term memory
(LSTM) model. The model outputs are: pitching moment
coefficient Cpy, normal force coefficient Cys and axial force
coefficient Cpr The source dataset comprises 120 training
samples and 20 test samples, and the models are fine-
tuned on 30 training samples (25%) of the target quantity.
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This amount of target samples is found to allow the target
model to perform similarly to the source model. The DD
model exhibits lower test RMSE and MAE values for the
three outputs (Cpy, Cngs Car)- Subsequently, the DD model
is used to extract the polynomial terms to be placed into
the polynomial functions for each aerodynamic coefficient.
While the white-box nature of a DD model makes this
approach appealing, another interesting observation from
this work is that the DD is able to more accurately predict
the aerodynamic data compared with an LSTM model
and an MLP model.

Data fusion with neural
networks can also be implemented through specialized
architectures, as has been done for ASO [88]. He et al.
[10] used a modified MLP architecture to incorporate two
levels of data fidelity for aerodynamic databases. Inspired
by the approach proposed by Meng et al. [89] using multi-
fidelity data in conjunction with physics-informed neural
networks (PINNs), the authors used a multi-fidelity MLP
architecture to fuse data from a low-fidelity CFD solver
(Euler) and a high-fidelity solver (Navier—Stokes). The archi-
tecture is motivated by the notion that the correlation
between high- and low-fidelity data can be given as

Yo =F(X,Y) (48)

The function f(-) acts as the general mapping from
low- to high-fidelity data. This mapping can be decom-
posed into a linear and a nonlinear part:

F=F+F, (49)

Therefore, Equation 48 can be rewritten in terms of
these components along with a weighting term, p:

Yo =ph (X Y)+(1-p)f(X. Y) pe[0,1] (50)

This leads to an architecture comprising three MLPs:
the first MLP maps the LF inputs to the LF outputs, and
the remaining two MLPs take the LF outputs and map
them to HF outputs. Of the remaining MLPs, one uses
activation functions within its layers, while the other does
not. This is to capture both the linear and nonlinear
components of the LF to HF mapping. The architecture
for a simplified multi-fidelity neural network is shown in
Figure 7. The authors applied this model on a two-dimen-
sional aerofoil dataset with two inputs (AoA, Mach), two
outputs (C,, Cp), 120 LF samples, and 24 HF samples. The
model was validated using 96 HF samples, and the test
RMSE of the proposed method was found to significantly
outperform both VCM (additive scaling function and
modeled via kriging) and KOH methods. Further benefits
of this method are the ability to simultaneously train on
multiple output labels (C;, Cp, etc.) and more effectively
work with large-scale datasets. On the other hand, an
inefficient iterative approach was necessary to optimize
the model hyperparameters.

AV @ Architecture of the MFNN used in [10] to
implement aerodynamic data fusion. The low-fidelity (NN,),
linear and nonlinear (NN,_,W) high-fidelity (NNHZ) sub-networks
are highlighted. The green nodes indicate the use of a tanh
activation function, while the gray nodes indicate the absence
of an activation function in the linear sub-network.

Adapted from Ref. [10] and licensed under the Creative

This section begins by summarizing the methods covered
and introducing further approaches drawn from other
domains; then it examines how these techniques translate
to motorsport aeromaps and highlights the challenges
that may arise in that environment.

Summary of Methods

The data fusion methods applied to aerodynamic data-
bases have been categorized into three groups: surro-
gate-agnostic, kriging-based, and neural network—based.
Within surrogate-agnostic methods, scaling functions [7,
62] are straightforward to implement but assume simple
multiplicative or additive relationships between datasets
that may not capture the complex, nonlinear correlations
often present in aerodynamic data. Input vector augmen-
tation [37] is also straightforward to implement and has
been shown to be effective when applied to aerodynamic
datasets. By adding the output prediction from a model
trained on the lower-fidelity data to the higher-fidelity
input features, the model can potentially learn more
complex relationships between the datasets, rather than
being restricted to a constant scaling or additive factor.
This is somewhat similar to the NARGP approach intro-
duced by Perdikaris et al. [90] but without being bound
to a specific model type. A drawback common to both
of these methods is the lack of an uncertainty estimate.

Commons 4.0 International Attribution license (http://

creativecommons.org/licenses/by/4.0/)
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Among the kriging-based methods, the KOH linear
autoregressive (AR1) method [67] was the first to apply
cokriging to the domain of computer surrogate models,
by modeling the higher-fidelity dataset with a scaled low-
fidelity dataset and an independent Gaussian process.
This model structure is enforced through a specialized
covariance matrix. Le Gratiet and Garnier [69] improved
on KOH [67] by introducing a recursive structure to reduce
computational expense by converting the covariance
matrix with all the levels of data into smaller covariance
matrices pertaining to each data level. Han et al. proposed
a “New Cokriging Method” [38] to simplify and align the
cokriging framework with regular kriging; this simpler
model structure allows the model hyperparameters to
be optimized in one step and also allows for more
straightforward implementation of gradient information.
Han et al. subsequently proposed hierarchical cokriging
[47], which, unlike the ART approach, generates plausible
uncertainty estimates; a key benefit for adaptive sampling
strategies. Unlike the AR1 approach, HK accomplishes
data fusion by treating the low-fidelity dataset as the
mean or trend function of the kriging model. Scoggins
et al. [58] proposed multihierarchy Gaussian processes
for applications where the available datasets are not
necessarily ordered by fidelity level, and there is not one
dataset that can be considered to be the “truth” dataset.
The nominal model provides a baseline prediction and
uncertainty; the correction terms, constructed using a
recursive AR1 framework, provide probabilistic adjust-
ments to obtain a final prediction that ideally more closely
matches the ground truth. Yang et al. [59] applied a DBWC
fusion method based on pointwise variance optimization
and built on a heteroscedastic Gaussian process model
as a way to take into account the differences in sample
distributions between datasets. With this approach, each
level prediction point is weighted in a way that minimizes
the overall predictive variance, leading to a model that
can handle heterogeneous, sparse datasets more effec-
tively than more traditional approaches such as AR.

Two primary types of neural network—based data
fusion were reviewed. The first type involves fine-tuning,
where a network is pre-trained on a low-fidelity dataset
and is then retrained on a high-fidelity dataset. During
this process, it is possible to freeze a subset of the
network’s layers after the pre-training to store some of
the high-level patterns from the low-fidelity data. This
method has been shown to work effectively with multi-
layer perceptrons (MLPs) [24] and dendrite nets (DDs) [11]
for aerodynamic database generation.

The other neural network—based approach is the
multi-fidelity neural network (MFNN) [10]. This other
approach follows the same philosophy as the input vector
augmentation and nonlinear autoregressive multi-fidelity
Gaussian processes (NARGP) [90] methods, which assume
the high-fidelity data can be described as a function of
the input data and the low-fidelity data. The difference
with MFNNSs is that the linear and nonlinear components
of the mapping are decomposed into two networks.
Neural network—-based methods are typically more
accommodating to large datasets and can easily

be modified to implement multi-task learning. The draw-
backs associated with neural networks for this application
are the more involved hyperparameter optimization
compared with kriging methods, and the lack of uncer-
tainty estimate; although the latter can be addressed with
approaches such as Bayesian neural networks [91].

Related work outside aerodynamic databases offers
additional fusion mechanisms with the same goal of
exploiting available source information to reduce the
number of costly target evaluations and improve model
accuracy. Daumé proposed a surrogate-agnostic domain
adaptation method [92], which was applied to structural
engineering problems by Saida et al. [93], under the name
transfer learning Gaussian process regression surrogate
model (TL-GPRSM). Data fusion is implemented by
stacking the low-fidelity (LF) features and high-fidelity
(HF) features vertically, then horizontally stacking a column
with just LF data (HF rows are set to zero) and another
column with just HF data (LF rows are set to zero). This
domain adaptation results in a feature vector of size
ROLF*nHF) %34, where n,r and nye are the number of LF and
HF samples, and d is the number of features. When
compared with single-fidelity Gaussian process regres-
sion, the TL-GPRSM approach yielded a lower test error
for most sample sizes, especially when the number of
source domain samples was high. However, the two
approaches converged in performance at higher HF
sample sizes. One benefit of TL-GPRSM over input vector
augmentation is that a LF model does not need to
be trained; however, increasing the dimensionality of the
feature vector still increases computational cost.

A Bayesian approach can be used to transfer knowl-
edge from a source task to a target task, given some
similarity between the two. Prior distributions learned
from the source dataset are evaluated using Bayes’
theorem to obtain the MLE for the model parameters.
lapteff et al. [94] applied Bayesian transfer learning to a
hydrocracking surrogate model to minimize the number
of training samples. In this instance, Bayesian transfer
was used to transfer knowledge from a dataset gener-
ated with an old catalyst to a dataset generated with a
new catalyst. A fully Bayesian kriging framework was
adopted, with prior distributions placed over both the
covariance function parameters and the trend parame-
ters. The authors used a Gaussian prior for the linear
trend and gamma priors for the covariance function
parameters. Due to the lack of a closed-form solution for
the posterior distributions, a Markov chain Monte Carlo
algorithm was used. Transfer learning was applied to two
kriging models, one with the linear trend and one with a
null trend; both of these methods outperformed the non-
transfer equivalents across the entire range of sampling
plans. For an RMSE of 0.003, the Bayesian transfer model
needed only 25 points instead of the 110 needed by the
non-transfer model.

Perdikaris et al. [90] proposed nonlinear autoregres-
sive multi-fidelity Gaussian processes (NARGP) to consoli-
date multi-fidelity datasets with more complex nonlinear
correlations. The method relies on the recursive frame-
work introduced by [69] but uses a different generalization
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of the autoregressive multi-fidelity scheme that is found
in the AR1T method. This method is similar to that of
Ghoreyshi et al. [37], where the HF prediction is treated
as a function of both the features and the prediction from
a lower-fidelity model: y, (X) =g (X,)A/H (Xﬁ the difference
being that NARGP uses a specialized composite kernel.
This formulation comprises a composition of two GP
priors, which is, in effect, a deep GP, as introduced by
[95]. However, due to its recursive nature, the NARGP
method also relies on the assumption of nested datasets,
as with other cokriging methods. The authors validated
the NARGP approach by comparing it with standard GPR
and AR1 models for mixed-convection flow modeling,
using the Nusselt number as the output and several flow-
related variables as inputs. The NARGP model performed
consistently better than the AR1 and single-fidelity GPR
models, suggesting that its capacity to learn more
complex relationships between datasets provides a prac-
tical benefit in certain cases. Furthermore, the ARTmodel
only significantly outperformed the GPR model at the
lowest and highest sampling plan sizes, while the NARGP
was consistently better across the whole range of
sampling sizes. In the same vein, Cutajar et al. [96]
extended the concept of deep Gaussian processes (DGPs)
to multi-fidelity data (MF-DGP). By treating layers of a
DGP as fidelity levels, the model can capture nonlinear
relationships across datasets. MF-DGP was applied to
several synthetic datasets and compared with other
multi-fidelity models, including NARGP and AR1, where it
outperformed the other models in the majority
of datasets.

Key Findings

The central finding of this review is that classical multi-
fidelity hierarchies may not translate directly to motors-
port aeromaps. In the aerospace literature, LF datasets
are typically generated using simplified numerical solvers
(panel methods, Euler solvers) that, despite their approxi-
mations, capture the essential physics of the flow. For F1
geometries, however, the complex viscous flow structures
are unlikely to be adequately represented by such solvers.
Consequently, conventional LF data sources may exhibit
weak or misleading correlations with higher-fidelity wind
tunnel or CFD data, limiting the effectiveness of standard
multi-fidelity approaches.

This observation shifts the emphasis from solver-
fidelity fusion toward a transfer learning paradigm, in which
legacy aeromap data from a previous geometry serves
as the source dataset, and the updated geometry defines
the target. This reframing aligns with approaches demon-
strated by Ghoreyshi et al. [37] and Mohammadi-Amin
et al. [46], who used data fusion to update aerodynamic
databases following geometry modifications. However, it
also introduces the risk of negative transfer if the two
geometries, and consequently the datasets, are
too different.

Beyond this central finding, the following observations
emerge from the literature:

¢ Kriging-based methods dominate the aerodynamic
database literature and provide native uncertainty
quantification, which can be useful for validation and
adaptive sampling. However, most reported
applications employ models that assume
approximately linear cross-dataset relationships (AR1,
NCM, HK). Methods capable of capturing nonlinear
correlations, such as NARGP and MF-DGP, remain
underexplored in this context.

¢ Neural network architectures offer superior
scalability and native multi-task learning, enabling
joint modeling of correlated outputs (e.g., C;, Cp).
Architectures such as MFNNs have demonstrated
strong performance in aerospace applications,
outperforming both scaling functions and kriging-
based methods in some comparative studies [10].

¢ Surrogate-agnostic methods (scaling functions,
input vector augmentation) are straightforward to
implement but capture only limited cross-dataset
relationships and do not provide predictive
uncertainty estimates. These characteristics make
them less suitable than kriging- or neural network—
based alternatives for F1 aeromap modeling, where
uncertainty quantification supports both model
validation and adaptive sampling strategies.

Method Selection Considerations

The choice of data fusion technique should be guided by
four principal factors:

1. Nature of the cross-dataset relationship:
Predominantly linear correlations are well served
by AR1, NCM, or HK. Strongly nonlinear
correlations benefit from pre-trained neural
networks, MFNNs, or NARGP.

2. Scale of the source dataset: Neural networks
scale readily to large datasets, whereas kriging-
based methods require modifications such as
sparse approximations [97] or localized
approaches to remain computationally tractable.

3. Multi-output requirements: \When multiple
correlated outputs must be modeled jointly,
neural networks handle multi-task learning
natively. Kriging requires multi-output GP
formulations [98], which adds complexity.

4. Uncertainty quantification: Kriging methods
provide uncertainty estimates directly. Neural
networks require additional techniques such as
Monte Carlo dropout [99], ensembles, or Bayesian
architectures [91].

For F1aeromaps, two operational scenarios warrant
consideration:

¢ In-season development involves incremental
geometry changes: modified front/rear wing or
revised floor details, for example, where the overall
vehicle geometry remains relatively consistent. In
this setting, source and target aeromaps are likely to
share substantial correlation structure, and data
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fusion should offer clear benefits provided the
incremental changes do not fundamentally alter the
dominant flow features.

¢ Regulation-driven changes present a more
demanding test case. Major regulatory changes can
produce step changes in vehicle geometry and flow
topology. Under such conditions, legacy aeromaps
may exhibit weak or even misleading correlations
with the new configuration, increasing the risk of
negative transfer. Whether data fusion remains
beneficial in this scenario or whether a clean-slate
single-fidelity approach is preferable remains an
open question.

In both scenarios, validation is key. Comparing multi-
fidelity model performance against a single-fidelity
baseline using a validation dataset or LOOCV provides a
safeguard: if the multi-fidelity model does not outperform
the single-fidelity model, the former should be disre-
garded or down-weighted.

Proposed Research Directions

To address the gaps identified in this review, the following
research directions are proposed:

1. Comparative evaluation of fusion strategies for
motorsport aeromaps. This should benchmark
neural network—based approaches (pre-training
with fine-tuning, MFNNs) against kriging-based
approaches (AR1, HK, NARGP) using
representative F1 aeromap data. Evaluation
criteria should include predictive accuracy,
uncertainty quality, multi-output performance,
computational cost, and, most importantly, the
number of target samples required to achieve a
specified accuracy threshold.

2. Quantification of source-target similarity
requirements. Establishing metrics that predict
when data fusion will be beneficial and when it
will degrade performance would help guide
practitioners. This investigation should span both
in-season and regulation-change scenarios.

3. Development of negative transfer mitigation
strategies. Approaches such as ensemble
methods should be evaluated in the motorsport
context. The goal is to ensure that data fusion
either improves or, at worst, matches single-
fidelity performance across the full range of
source-target similarity conditions encountered in
F1 development.

Conclusion

This paper has presented one of the first motorsport-
focused reviews of data fusion methods for aerodynamic
database generation. The surveyed approaches were
categorized into three groups: surrogate-agnostic, kriging-
based, and neural network—based. Additional fusion
mechanisms from adjacent domains, including domain

adaptation, Bayesian transfer learning, and nonlinear
autoregressive Gaussian processes, were also reviewed
to identify techniques that may address limitations of
established methods applied to aerodynamic databases.
The principal contribution is the identification of a
paradigm shift required for F1 applications: from muilti-
fidelity fusion toward geometry-to-geometry transfer
learning, with legacy aeromap data serving as the source
dataset. This shift introduces challenges, particularly
negative transfer risk, that are not prominent in the aero-
space literature but are central to effective deployment
in motorsport. The proposed research directions aim to
address these challenges and establish a foundation for
data fusion strategies that can reduce data generation
cost while maintaining the predictive accuracy essential
for effective aerodynamic development.
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MHGPR - Multihierarchy Gaussian Process Regression
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