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Abstract
Fuel economy and performance are both important in the design of hybrid pickup trucks. All-wheel 
drive is essential to ensure superior performance compared to two-wheel-drive designs. In this 
article, as a comprehensive extension work to the article published in ASME Dynamic Systems and 
Control Conference [1] on all-wheel-drive (AWD) hybrid truck, we investigate the modeling, design, 
and control problem of AWD hybrid vehicles and develop a methodology to identify optimal designs. 
This methodology 1) formulates an automated modeling process, 2) searches exhaustively through 
all possible AWD designs, and 3) employs a near-optimal energy management strategy, to obtain 
a family of designs with superior performance and fuel economy. A design case study for a hybrid 
Ford F-150 is conducted, to showcase this design process.
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I. �Introduction

Fuel efficiency continues to be a top priority for hybrid 
vehicles, because of the concerns on CO2 emissions 
and climate change. As shown in Table 1 [2], the esti-

mated average f leet-wide fuel economy in the USA will 
be 55.3-56.2 mpg for passenger cars and 39.3-40.3 mpg for 
light trucks in 2025. Different technologies were investigated 
trying to meet this stringent standard [3, 4, 5, 6]. Among them, 
hybrid powertrain is a promising alternative to achieve these 
requirements, and its successful implementation on passenger 
cars, such as Toyota Prius, Ford Fusion, and Chevy Volt, have 
shown significant fuel economy improvement (see in Table 2 
[7]). In contrast, few strong hybrid light-truck-class vehicles 
have been made available. Few exceptions include UPS hybrid 
delivery trucks [8] or the Toyota RAV4 Hybrid SUV [9].

To design hybrid trucks is more challenging than hybrid 
passenger cars. Tighter performance requirements, including 
launching, towing, and uphill grade, are expected. For example, 
SAE established minimum performance requirement for tow 
vehicles like light trucks known as the SAE Standard J2807 [10]. 
Much of the existing literature and patents for hybrid trucks 
mainly focus on configuration design and control to reduce 
fuel consumption [11, 12, 13]. Recently, a few publications have 
included launching performance in addition to fuel economy 
as the design requirement for hybrid vehicles [14, 15].

To accomplish the tight performance together with the 
fuel economy goal, pickup truck designs with all-wheel-drive 
(AWD) are preferred. Designs with AWD have better grade-
ability and towing capacity than comparable rear-wheel-
drive (RWD) designs especially on an uphill slope, as shown 
in Figure 1. Therefore, AWD is a highly desirable design 
feature for hybrid pickup trucks or similar light-duty appli-
cations. An example AWD hybrid design available on the 
market for similar applications is the Acura RLX Sport 
Hybrid [16] shown in Figure 2. This parallel hybrid design 
has three electric motors, with two motors on the rear axle 
coupled with the front axle through the road. Toyota RAV4 

Hybrid SUV [9] and the Lexus RX Hybrid [17] are power-
split hybrid designs among the very few AWD hybrid vehicles 
available on the market today. In both cases, to enable AWD 
feature, a third motor is added to the rear wheels for these 
two models.

Different from the designs of Honda and Toyota which 
achieve AWD feature by adding motor(s) to rear wheels, this 
article focuses on AWD power-split hybrid powertrains that 
use two electric motors and couple all components mechani-
cally directly through planetary gear (PG) sets, which have 
not been systematically studied before. Power-split-type 
hybrid powertrain is highlighted because it has secured over 
80% of the hybrid passenger car market share in the USA 
[18], among all three types of hybrid powertrains (series, 
parallel, and power-split types). Two PGs are required for 
an AWD power-split hybrid powertrain to connect all 
elements (i.e., an engine, two motors, front output shaft, and 
rear output shaft).
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TABLE 1 Required fleet-wide fuel economy (mpg) under 
future CAFE standards. Reprinted with permission from Ref. [2].
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 FIGURE 1  Launching and towing performance comparisons 
of AWD and RWD vehicles designs on a slope.
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TABLE 2 Fuel economy (mpg) performance comparison 
examples between conventional passenger cars and power-split 
hybrid passenger cars. Reprinted with permission from Ref. [6].

Vehicle model
Powertrain 
type

Powertrain 
specs

Combined fuel 
economy (mpg)

2018 Toyota 
Camry

Conventional - 
automatic 
transmission

2.5 L, 4 cyl, 
AT (S8)

32

2018 Ford 
Fusion FWD

2.5 L, 4 cyl, 
AT 6-spd

25

2018 Chevrolet 
Volt

Power-split 
hybrid

1.5 L, 4 cyl, 
CVT

E: 106 
MPGe/42MPG

2018 Ford 
Fusion Hybrid

2.0 L, 4 cyl, 
CVT

42

2018 Toyota 
Prius

1.8 L, 4 cyl, 
CVT

52

2018 Toyota 
Camry Hybrid

2.5 L, 4 cyl, 
CVT

52
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This article presents systematic and exhaustive studies 
on designs of AWD power-split hybrid powertrain for pickup 
trucks to achieve both good fuel economy and launching 
performance. In addition to the AWD attribute, other attri-
butes might be  specified, such as all-wheel-regenerative 
braking (AWRB) and driving backward using the engine 
power. Multi-mode attribute is also enabled by adding clutches 
into the powertrain, which is important to improve fuel 
economy performance [15, 19, 20].

Prior studies indicated that there exist a large number of 
possible designs using a double PG set for hybrid vehicles  
[13, 19, 20, 21]. In addition, when component sizing is consid-
ered, the overall design space to be  searched becomes 
extremely large, i.e., over ten million possibilities in the case 
study to be presented in this article. In order to search the 
design space thoroughly, a four-step methodology is proposed 
by applying the following techniques: 

A generic representation that enables automated 
modeling for all possible configurations and operating 
modes; A systematic screening method to exhaustively 
search and examine for feasible designs; An optimiza-
tion scheme to optimize for the fastest launching perfor-
mance; A near-optimal energy management algorithm 
that evaluates fuel economy of feasible designs at a 
computational efficient manner [20]. 

With the above techniques, systematic screening and 
analysis of AWD power-split hybrid designs become possible, 
and a family of optimal designs can be identified.

In the design procedure, a near-optimal energy manage-
ment is important to evaluate the fuel economy of design 
candidates efficiently. Popular control strategies studied in 
the past include rule-based strategies [22], Equivalent 
Consumption Minimization Strategy (ECMS) [23, 24], 
Dynamic Programming (DP) [25, 26], and Power-weighted 
Efficiency Analysis for Rapid Sizing (PEARS) [20]. They all 
have advantages and disadvantages. Many of the existing 
optimization methods, such as ECMS, PMP, and fuzzy logic, 
are not designed to solve this non-convex mixed integer 

optimization problem. DP can be used to solve the control 
problem for this multi-mode hybrid powertrain, but it suffers 
from its curse of dimensionality and it takes too long to handle 
a large amount of cases. The PEARS method is selected for 
this article because of its near-optimality and its ability to 
handle a large number of design candidates at fast 
computational speed.

The major contribution of this article is the develop-
ment of an exhaustive design process for AWD multi-mode 
power-split hybrid vehicles that achieve optimal fuel 
economy while satisfying performance constraints, which 
includes a generic representation of the powertrain, a 
systematic screening method, and an optimization scheme 
for performance evaluation, and adaptation of a near-
optimal energy management algorithm for fuel economy 
evaluation. This article extends previous work [1], enables 
to screen all powertrain components’ size (engine, electric 
motors, transmission ratio, etc.), and provides comprehen-
sive analysis for this AWD power-split powertrain. The 
remainder of this article is organized as follows: Section II 
introduces the concept of the four-step systematic design 
process; Section III describes the dynamic model of AWD 
power-split hybrid powertrains; Section IV presents the 
automated modeling technique to model all designs sharing 
similar dynamic structure in Section III; Section V shows 
how to screen for desired designs satisfying performance 
requirement; Section VI introduces problem formulation 
and the PEARS method; Section VII presents the feasible 
designs and simulation results; Section VIII analyzes the 
performance of the identified AWD hybrid design; and 
finally Section IX summarizes this article.

II. �Four-Step Systematic 
Design Process

The design problem for optimal configurations, sizing, and 
control can involve a very large number of design candi-
dates. Brute force searching would require tens of thou-
sands of fast computer cores, and this is neither necessary 
nor efficient. Given this large number of design pool, 
we proposed a four-step systematic design process which 
starts by screening out infeasible or incapable designs. The 
number of design candidates requiring heavy computations 
is then significantly reduced, and evaluation for their 
performance become possible.

This four-step design process is summarized in Figure 3.
Step 1 - Automated modeling: A proposed procedure to 

model all modes of all possible AWD designs, based 
on the powertrain dynamics incorporated with clutch 
connection modeling [27]. We limit the design space 
to designs that use three clutches.

Step 2- Performance screening: A step to screen modeled 
designs for desired attributes and criteria. 
Performance attributes are functionalities required 
by the designer and can include but not limited to 

Rear Motor 1
27 kW

Rear Motor 2
27 kW

Front Motor
35 kW

V6 Engine
231 kW

7-Speed 
Dual Clutch 
Transmission

Ba�ery Pack
1.3 kWh

+-

Front WheelsRear Wheels

Electrical Flow

 FIGURE 2  Design schematic of the Acura RLX Sport 
Hybrid [16].
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AWD, all-wheel regenerative braking, driving 
backward using the engine power, etc. Performance 
criteria can include acceleration time, towing 
capability on a slope, gradeability, etc. Criteria can 
be based on standards like the SAE Standard J2807 
for light trucks or demanded by designers. Designs 
that survive from this step are called feasible 
designs. This screening step is critical to weed out 
inferior designs so that only feasible designs are 
passed to future steps.

Step 3- Launching performance evaluation: An 
evaluation procedure to obtain the best launching 
performance for each design. The best launching 
performance is defined in terms of 0-60 mph 
acceleration time. It is obtained by solving a linear 
optimization problem.

Step 4- Fuel consumption evaluation: An evaluation 
procedure to obtain the best fuel economy for each 
design given standard drive cycles. This evaluation is 
formulated as an optimization and solved by DP 
incorporating the PEARS method [20].

Terms frequently used in this article are defined  
in Table 3.

III. �Modeling of AWD 
Power-Split Hybrid 
Powertrain

In this article, AWD power-split hybrid vehicle powertrain 
candidates consist of an internal combustion engine, two 
electric motors, a battery pack, two PG sets, two output shafts, 
and three clutches. Figure 4 illustrates an example design of 
AWD power-split architecture patented by Toyota [28]. The 
double PG set acts as a continuous variable transmission 
(CVT). The engine speed can be controlled by the MG1 motor 
for optimal engine operation. The engine drives both front 
and rear wheels while the MG2 motor adjusts the torque differ-
ence between front and rear wheels. The following part of this 
section develops the systematic modeling of this class of AWD 
power-split hybrid powertrains.

All power-split hybrid powertrain including the example 
in Figure 4 can be modeled through matrix representation. 
This technique is used throughout this research for modeling 
and simulating the powertrain dynamics, and also for design 
screening. In Equation 1, this technique is used to present the 
dynamics of the Toyota patented example in Figure 4, where 
T(⋅) denotes components’ torque, �w ×( ) is the angular accelera-
tion, I(⋅) is the corresponding inertia, F(⋅) denotes internal gear 
force of the corresponding PG set, and R(⋅) and S(⋅) are the radii 
of the ring gear and the sun gear.
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Eq. (1)

The matrix representation for complete dynamics in 
Equation 1 contains both the kinetics and kinematics of the 
system. Its uniqueness of each design enables automated 
modeling possible; its content information of components’ 
connection allows screening and mode analysis; the complete 
dynamics can be used to evaluate the response of the powertrain. 

TABLE 3 Terms frequently used for the systematic 
design process.

Terms Definition
Node The available collocation points of the PG 

sets (i.e., sun, carrier, and ring gears)

Configuration A given topology how components (i.e., 
engine, motors, output shafts) connected 
with the nodes

Design A configuration plus a selected set of 
clutches

Design candidate A design with given component sizing 
(e.g., gear ratios for the PG set and final 
drive ratio)

Mode The clutch states (i.e., open and close) ©
 2
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Automated modeling of all modes and all 
possible AWD design

Performance screening

Launching performance evaluation

Fuel economy evaluation

 FIGURE 3  Four-step systematic design process.
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More details of deriving and utilizing this representation to 
develop the mathematical models of the components and the 
integrated system can be found in this and the next chapter.

A. �Vehicle Model
A quasi-static model is used to simulate the dynamics of the 
vehicle. Figure 5 shows the free-body diagram for the longi-
tudinal vehicle motion on a flat road, where the vehicle has a 
body mass mb (without wheels) and the wheel mass mw for 
both front and rear axles. The wheel inertia is denoted as Iw. 
The gravitational constant is g, and the aerodynamic force is DA. 

T is the axle output torque, Kz is the vertical force between 
the wheels and body, Kx is the longitudinal force between the 
wheels and body, Nz is the tire reaction force in the vertical 
direction, and Fx is the tire reaction force in the longitudinal 
direction. The subscripts f and r refer to the front and rear 
axles, respectively.

Longitudinal dynamics and rotational motion dynamics 
of the vehicle body, front wheels, and rear wheels are given in 
Equations 2 through 10.

	 K K D m ax x A bf r
+ - = 	 Eq. (2)

	 K K m gz z bf r
+ = 	 Eq. (3)

	

- + - -( )

- +( ) × -( )
+ - + - =

K a K b D h h

K K h r

T T T T

z b z b A A

x x

f roll r roll

f r

f r

f r
00 	 Eq. (4)

	 T F r T If x roll w ff f
- - = �w 	 Eq. (5)

	 F K m ax x wf f
- = 	 Eq. (6)

	 N K m gz z wf f
- - = 0	 Eq. (7)

	 T F r T Ir x roll w rr r
- - = �w 	 Eq. (8)

	 F K m ax x wr r
- = 	 Eq. (9)

	 N K m gz z wr r
- - = 0	 Eq. (10)

By defining the total mass M, the total rolling resistance 
Troll, a rear-to-front torque ratio α between Tf and Tr in 
Equations 11 through 13, these two axle output torques can 
be expressed in Equations 14 and 15.

	 M m mb w= + 2 	 Eq. (11)

	 T T Troll roll rollf r
= + 	 Eq. (12)

	 T Tf r= a 	 Eq. (13)

 FIGURE 5  Free-body diagram for the longitudinal vehicle 
motion on a flat road.

Engine

MG1 MG2

Front Wheels

Rear Wheels

Ring
Gear

Sun
Gear

Carrier
Gear

PG #1 PG #2

AT

 FIGURE 4  An example AWD power-split hybrid vehicle 
design from the Toyota patent. Reprinted with permission from 
Ref. [27].
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T Mar I I T Df w f w r roll A=

+
+ + + +éë ùû

a
a

w w
1

� �
	

Eq. (14)

	
T Mar I I T Dr w f w r roll A=

+
+ + + +éë ùû

1

1a
w w� �

	
Eq. (15)

The aerodynamic force in Equations 14 and 15 can 
be calculated by

	
D C A vA d aero=

1

2
2r
	

Eq. (16)

where ρ is the air density, Cd is the drag coefficient, and 
Aaero is the maximum vehicle cross-sectional area. In this 
article, the tire slip is not considered. Hence, all wheels have 
the same angular speed shown in Equation 17.

	
w wf r

v

r
= =

	
Eq. (17)

B. �Engine and Electric Motor 
Model

The fuel rate consumed �mf  is obtained from a look-up table 
calculated from a Brake-Specific Fuel Consumption (BSFC) 
map of the 3.6L boosted engine, which is shown in Figure 6. 
Constraints of engine speed ωe and torque Te are indicated in 
the BSFC map and considered throughout the design process.

Similarly, efficiency of the two electric machines is 
obtained from the look-up table shown in Figure 7. Given the 
electric motor torques, TMG1,   TMG2, and motor speeds, ωMG1, 
ωMG2, the power of the two electric machines is expressed in 

Equation 18, where hMG
k

1
1  and hMG

k
2

2  are the efficiency of the two 
motors, respectively. k1 and k2 will be -1 if the electric machine 
is motoring and 1 if it is generating.

	 P T Telect MG MG MG
k

MG MG MG
k= +1 1 1

1
2 2 2

2w h w h 	 Eq. (18)

C. �Battery Model
The battery is modeled as a simple open-circuit voltage with 
a constant internal resistance. The battery state of charge 
(SOC) is described in Equation 19.

	
SOC

V V R P

R
oc oc bat elect

bat

� = -
- -

×

2 4

2 	
Eq. (19)

D. �PG Model
A typical PG set is shown in Figure 8 together with its equiva-
lent lever diagram. The three nodes in the lever diagram repre-
sent the ring gear, carrier, and sun gear of this PG, respectively. 

 FIGURE 7  Efficiency map of the electric motor.
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 FIGURE 8  PG set and its lever diagram.
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 FIGURE 6  Engine BSFC map.
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Each node can be connected to a powertrain component such 
as the engine, a motor, or a clutch. Kinematics of a PG set is 
governed by Equation 20.

	 w w ws r cS R R S× + × = × +( )	 Eq. (20)

where ωr, ωc, and ωs denote the angular speeds of the ring 
gear, carrier, and sun gear, respectively. R and S refer to the 
radii of the ring gear and sun gear, respectively.

E. �Complete Dynamics of 
AWD Power-Split Hybrid 
Powertrain

Given the component models, the dynamics of the rota-
tional part for an AWD power-split hybrid design can 
be represented in a matrix form. To better illustrate the 
automated modeling technique, the lever diagram of the 
patented Toyota design with two output shafts is derived 
and used (excluding the automatic transmission), which is 
shown in Figure 9. The dynamic equations of this 
powertrain are shown in Equations 21 and 22, together 
with the battery dynamics in Equation 23, where I(⋅) denotes 
the corresponding inertia and F(⋅) denotes internal gear 
force of the corresponding PG set.

	

T F R S I I
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Eq. (21)

	

R S R S

R S R S
e r mg

F r mg
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1 1 1 1 1 1

2 2 2 2 2 2

1

+( ) = +
+( ) = +
-

� � �
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w w 22 0= 	

Eq. (22)

	
SOC

V V R P

R
oc oc bat elect

bat

� = -
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×

2 4

2 	
Eq. (23)

Equations 21 and 22 can be rearranged into the matrix 
representation shown in Equation 24.
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Eq. (24)

In Equations 21 through 24, TF and TR imply the equiva-
lent vehicle torques at front and rear wheels which can 
be expressed in Equations 25 and 26 based on Equations 14 
and 15. Similarly, the equivalent front wheel inertia and rear 
wheel inertia can be shown in Equations 27 and 28.

	
T Mar T DF roll A=

+
+ +( )a

a 1 	
Eq. (25)

	
T Mar T DR roll A=

+
+ +( )1

1a 	
Eq. (26)

	
I I IF f r=

+
+( )a

a 1 	
Eq. (27)

 FIGURE 9  Lever diagram of the Toyota AWD patent 
(excluding the automatic transmission) with significant forces 
and torques labeled. Reprinted with permission from Ref. [27]. 
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I I IR f r=

+
+( )1

1a 	
Eq. (28)

It should be  noted that in this power-split dynamics 
(Equation24) there are 14 variables to be determined using 
the 9 equations, given all the component inertias and PG ratios 
R1 : S1 and R2 : S2. Given a driving cycle to follow, ωR and ωF 
are determined; TF and TR are also determined when the front 
to rear torque ratio α is defined. The only free variable to 
be controlled is either the engine speed or engine torque.

The square matrix of the integrated dynamics shown in 
Equation 24 can be decomposed into four sub-matrices as 
shown in Figure 10. The components’ and gears’ inertias are 
assembled along the diagonal of the inertia matrix. The 
D-matrix is defined in Figure 10. It represents components 
connection and it is a unique mapping to a given design.

The automated modeling process to be described in 
the next section mainly involves generating the D-matrix 
systematically given the component connections and 
clutch states.

IV. �Automated Modeling 
Process

The automated modeling process consists of two steps: 1) 
Initialize the configuration matrix of a design which shows 
the collocation of powertrain components excluding clutches; 
2) Use clutch states to determine the dynamics.

A. �Step 1 - Initialize the 
Configuration Matrix

An 8×8 zero matrix is first created, which is decomposed into 

four sub-matrices 
J D

D
ini

ini
T 0

é

ë
ê

ù

û
ú where J is a 6×6 matrix and Dini 

is a 6×2 matrix. The first four elements of the principal 
diagonal of J are replaced by the components’ inertias in the 

order of engine, front output shaft, rear output shaft with 
MG2, and MG1.

PG set gear inertias are added to the principal diagonal 
of the sub-matrix J following their collocations with added 
components. For example, as indicated in the AWD patented 
design in Figure 9, the carrier of the first PG is collocated with 
the engine, so the first element in the principal becomes Ie + Ic1. 
The last two diagonal entries of the sub-matrix J are filled with 
the remaining gear inertias.

The upper-right 6×2 sub-matrix Dini has 2 columns which 
are determined by the number of PGs in this design. Entries 
of this sub-matrix are determined by the collocation between 
the PG set nodes and components. When a powertrain 
component is connected to a PG node, the “node coefficient” 
will be −S(⋅) if it is connected to the sun gear, −R(⋅) if it is 
connected to the ring gear, and S(⋅) + R(⋅) if it is connected to 
the carrier. By defining the corresponding (external) compo-
nent torque vector Tini and angular acceleration vectors �Wini , 
the following matrices are assembled, together with the 
battery dynamics:
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Eq. (29)

B. �Step 2 - Use Clutch States 
to Obtain the Dynamics

Whenever there is a clutch connection, the sub-matrix Dini 
will be augmented with a zero column. The corresponding 
two entries of this augmented column, which indicates 
connection of two PG nodes, are then replaced with 1 and −1. 

Inertia matrix D-matrix

Transpose of D-matrix Zero-matrix

 FIGURE 10  Patterns of the proposed matrix representation.
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The same procedure applies to Dini
T . The sub-matrix Dini is then 

augmented and referred as matrix D. It should be noticed that 
the augmented elements 1 and -1 indicate those two nodes 
sharing the same rotational speed and acceleration. In the 
given example, they indicate the coefficients of the relationship 
1 1 01 2( ) × + -( ) × =� �w wr r .

The clutch addition also augments �Wini and Tini. When a 
clutch connection is added, �Wini is augmented with an element 
Tcl(⋅), which represents the internal torque on this added 
connection/clutch. Tini is augmented with a zero, which repre-
sents zero external torque directly on this internal connection. 
The augmented �Wini and Tini are denoted as �W  and T.

By defining the augmented matrix as the A matrix, the 
complete dynamics of the referred Toyota patented design (in 
Figure 9) is shown in Equation 30, together with the augmented 
sub-matrix D in Equation 31. It can be noticed that Equation 
30 is the matrix representation of the dynamics derived in 
Equations 21 through 23. Those filled entries, such as 
−S(⋅), − R(⋅), 1 and −1, determine the internal forces/torques 
acting on the corresponding nodes.
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Eq. (30)
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Eq. (31)

Grounding clutch/brake connections can be added under 
similar manner by having 1 in the corresponding node entry. 
The augmented element 1 indicates the connected node has 
the zero rotational speed and acceleration. For example, if the 

ring gear node of the first PG is grounded, the coefficients of 
the relationship are indicated as 1 01( ) × =�wr .

For all designs similar to Figure 4 but allowing different 
configurations and three clutches, assuming MG1 and MG2 
are identical, the total number of possible designs is 
0 5 180 455 819006

4
15
3. × × = × =P C . Details of calculating this 

number can be found in the Appendix. The number of design 
candidates becomes 18,427,500, when considering the PG gear 
ratio varies from 2:1 to 4:1, and final drive ratio varies between 
2:1 and 6:1 (both with step size 1).

V. �Systematic Screening 
Process

The following three attributes to be checked are desired when 
designing AWD hybrid pickup trucks:

All-wheel drive (AWD): the engine can provide positive 
torque at both output shafts.

All-wheel regenerative braking (AWRB): the two electric 
motors can provide desired negative torque at both 
output shafts.

Driving backward using engine power: the engine can 
have effective negative torque at the output shaft(s) 
when the vehicle drives backwards (the output shaft 
speeds are negative).

The AWD attribute ensures a truck design’s towing and 
grade performance; the AWRB attribute ensures better regen-
erative braking performance; and the driving backward using 
engine power attribute ensures the hybrid truck can sustain 
when backing up a towed load on a slope even when the battery 
SOC is low.

Besides those desired attributes, the performance 
criteria are also specified: Vehicle top speed must be at least 
90 mph. The average acceleration from 0 to 60 mph must 
be higher than 3.6m/s2. These two criteria ensure that the 
obtained designs are competitive against the benchmark 
(the conventional, non-hybrid vehicle). It should be noticed 
that the desired criteria is not limited to the given two and 
can be specified by designer’s request such as gradeability. 
For a case study, the top speed and 0−60 mph acceleration 
are highlighted.

A. �Performance Attributes 
Screening

Given the complete dynamics in Equation 30, the �W , which 
contains the nodes’ accelerations and internal torques/forces, 
can be expressed in Equation 32 by inversing Equation 30.
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Eq. (32)

Then, elements in the A−1 matrix are used for attribute 
screening according to the rules summarized in Table 4.

Note that Ainv21
1-  and Ainv31

1-  relate engine torque with the 
front output and rear output, respectively. Ainv24

1-  relates MG1 
torque with the front output.

B. �Performance Criteria 
Screening

To perform the performance screening in a computationally 
efficient manner, we focus on torque relationships (system 
kinetics) extracted from the complete dynamics (30) – (32) 
and neglect other components’ inertias except for the vehicle 
inertias. The front-wheel acceleration and rear-wheel accel-
eration are assumed to be the same. The torque relationships 
of all six PG nodes are obtained from the first six rows (six-
system kinetics) of the dynamics A T�W =  through the sub-
matrix D. Taking the referred Toyota patent [28] in Figure 9  
as an example again, the relationships are obtained in 
Equation 33 by neglecting the gear inertias, engine inertia, 
and motor inertias. Notice that the last two elements of the 
torque vector in Equation 32 are zeros after neglecting the 
gear inertias.
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Eq. (33)

Considering the torque relationships in Equation 33, the 
best average acceleration rate a of each design can be calcu-
lated by Equations 34 and 35 and used to estimate the 
launching performance. To complete the calculation for the 
best possible acceleration, vehicle speed grid n and the targeted 
speed vtar = 60 mph are used.

The maximum acceleration at the ith grid point is calcu-
lated in Equation 34 based on the maximum combined output 
torque from Equation 33. Rtire is the tire radius, and FR is the 
final drive gear ratio. Tvmax refers to the maximum output 
torque at the vehicle. TF_trac and TR_trac refer to the traction 
output torque at the front wheels and rear wheels, respectively. 
μtire is the tire-road friction coefficient and is 0.8 in our study.

All combinations of Te, TMG1, and TMG2 are used to calcu-
late the summation of TF_trac and TR_trac through Equation 33. 
Tvmax are the maximum values obtained. Details in calculating 
the acceleration can be found in the Appendix.
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Eq. (35)

The threshold to screen for the average acceleration a can 
use the criteria of launching acceleration time from the SAE 
Standard J2807 [10] or the acceleration rate of the competitive 
benchmark (non-hybrid) vehicle.

All these requirements for desired attributes and criteria 
not only screen for competent designs but they also substan-
tially reduce the size of the feasible design pool as a more 
efficient design search strategy.

For the following case study, three performance attributes 
are used for the case study: AWD, AWRB, and AWD Backward 

TABLE 4 Performance attribute screening rules.

Desired attributes Screening condition
AWD Ainv21 > 0, Ainv31 > 0

AWRB Ainv24 ≠ 0, Ainv21 = 0, Ainv31 = 0

Driving backward using engine 
power

Ainv21 < 0, Ainv31 < 0

© 2019 University of Michigan
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Using Engine Power. The performance of the conventional 
(non-hybrid) F-150 vehicle, which is more aggressive than the 
SAE Standard J2807, is used as the design requirement. With 
the defined requirements, 6 designs with 328 different gear 
sizing (i.e., PG gear ratio and final drive ratio) combinations 
survive the screening.

VI. �Evaluations for 
Acceleration 
Performance and Fuel 
Economy

For all surviving design candidates, comparison must use 
results with optimal or near-optimal control to ensure fairness. 
For evaluating acceleration, DP is used to obtain the theoreti-
cally best launching performance. For evaluating fuel economy, 
although DP guarantees global optimality, it is sometimes 
impractical to use due to its high computational cost resulted 
from the curse of dimensionality. In a large-scale design search, 
it may take months or even years to finish the exhaustive search. 
The PEARS method in [20] employs a near-optimal energy 
management that is ten thousand times faster than the DP while 
it delivers near-optimal results. In this article, we adapt the 
PEARS method with DP to solve control problem for AWD 
multi-mode power-split hybrid powertrains.

A. �Acceleration Performance 
Evaluation

The objective of this evaluation step is to find the control 
inputs that accelerate the vehicle to reach the targeted speed. 
The control problem is then an optimization problem for at 
each time step as shown in Equation 36.
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Eq. (36)

The target speed vtarget is 60 mph. Step size is Δt = 0.1s. 
v(k) is the vehicle speed at time step k, and a(k) is calculated from

	 a k r rr f( ) = =� �w w 	 Eq. (37)

The optimization problem is solved through brute force 
search, by examining all combinations of Te, TMG1, and TMG2 

to obtain the maximum acceleration. This free-terminal-
time optimization continues until the vehicle speed reaches 
60 mph. Battery SOC constraint is not considered, because 
the 0 – 60 mph launching action only lasts for a very 
short time.

B. �Fuel Economy Evaluations 
Using the Power-Weighted 
Efficiency Analysis for 
Rapid Sizing Method

The fuel economy evaluation is formulated as a control opti-
mization problem to minimize the fuel consumption given a 
desired drive cycle as follows:
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Eq. (38)

�mf  is the engine fuel rate; �W = -A T1  is the inverse complete 
dynamics in Equations 30 and 31; SOC�  represents the battery 
dynamics; fe represents the engine fuel model shown in 
Figure 6; N is the problem horizon length; k represents the 
time step; x represents all the states; u represents all the 
controls; and the rest are the constraints of states and controls. 
For the design optimization problem for the modeled AWD 
multi-mode power-split hybrid powertrains, there are three 
controls (operating mode, engine torque, and MG2 torque) 
and two states (engine speed and battery SOC).

The PEARS method is incorporated into the above opti-
mization problem in Equation 38. It is a near-optimal energy 
management methodology which was originally designed for 
component sizing, and used here to simplify the optimization 
problem. The PEARS method introduces a power-weighted 
efficiency ηHybrid, which relates the fuel consumption and 
battery SOC, and pre-maximizes this efficiency for each 
operating mode.

For implementation, the PEARS method first analyzes 
the target cycle by discretizing the driving cycle in two dimen-
sions: vehicle speed and vehicle torque demand. It then uses 
the discretized information to optimize the control input for 
all the operating modes based on the defined power-weighted 
efficiency. The process of PEARS with DP method is summa-
rized in Figure 11.

For electric vehicle (EV) modes, electric motor powers 
PMG1 and PMG2 are obtained given a combination of the rear-
to-front torque ratio α as well as their corresponding torques. 
Subsequently, the loss in electrical system PEV

loss and battery 
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power PEV
in  can be calculated. Then, the best possible efficiency 

for an EV mode is obtained from Equations 39 and 40.
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Eq. (39)
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Eq. (40)

For hybrid modes, four power flows Pe_1, Pe_2, Pe_3, and 
Pbatt are defined, as shown in Table 5. Similar to the EV mode 
analysis, by examining all combinations of rear-to-front 
torque ratio, speed and torque, the highest power-weighted 
efficiency is defined and calculated in Equations 41 and 42.
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Eq. (42)

In Equations 41 and 42, ηG, ηM, and ηbatt refer to the efficiency 
of generator, motor, and battery, respectively. Pfuel refers to engine 
power, and μ is a flag to indicate whether the battery assist is on 
or not. The power-weighted efficiency ηHybrid relates the fuel and 
battery cost for the multi-object optimization. Moreover, the fuel 
consumption fe, opt of each optimized mode is also obtained. Then, 
the efficiency is used to pre-optimize the control and reduce the 
space of the control problem, so that DP becomes possible for 
evaluation for a large amount of design candidates.

For each operating mode represented by the dynamics 
developed in Equation 30, given a driver demand (vehicle 
torque and vehicle speed), the power-weighted efficiency 
ηHybrid∗ is maximized by searching for all possible engine 
torque, MG2 torque, and engine speed. This is repeated for all 
driver demands and the optimal cost relationship is generated 
shown in Equation 43.

	 �m f T Cf C e opt v v, ,= ( )w , , 	 Eq. (43)

This optimization problem for multi-mode AWD power-
split hybrid vehicles is then simplified to 1 control (operating 
mode) and 1 state (battery SOC). Then, DP becomes possible 
to be implemented to solve the optimization problem for a 
drive cycle. The optimization is then simplified and shown in 
Equation 44, where C is the mode selection as the control to 
the optimization.
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VII. �Optimization Results
In this article, a conceptual Ford F-150 is chosen for the 
case study of pickup trucks. Comparisons are among the 
conventional F-150, a pre-transmission parallel hybrid 
F-150 (shown in Figure 12), and AWD hybrid F-150. Key 

TABLE 5 Power-flow of the hybrid system.

Power flow Description
Pe_1 Engine power that goes through the generator

Pe_2 Engine power that goes through generator to 
motor

Pe_3 Engine power that directly flows to the final drive

Pbatt Battery power that drives the motor
© 2019 University of Michigan

 FIGURE 12  Schematic of the pre-transmission parallel 
hybrid design benchmark.
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 FIGURE 11  The process of PEARS with DP method [20].
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powertrain parameters are summarized in Table 6.  
The powertrain components’ design pool includes three 
power sizes for engine (163 kW, 217 kW, and 272 kW) and 
three power sizes for the two electr ic motors 
(66 kW, 88 kW, and 110 kW). It should be mentioned that 
candidate sizes of motor(s) and the engine can vary based 
on the design request. In this case study, an electric motor 
is assumed to be  collocated with the rear output shaft; 
however, the proposed design methodology can be applied 
to other scenarios easily.

Combined results of launching performance and fuel 
economy of the feasible design candidates are shown in 
Figure 13. There is a family of designs achieving both better 
acceleration and better fuel economy than the conventional 
and the parallel hybrid vehicles. Two winning designs 
(design A and design B) are highlighted in Figures 14 and 15. 
Both of them have a large number of design candidates (i.e., 
design with different components’ size combinations) showing 
excellent results in a performance metric of 0-60 acceleration 
and fuel economy.

An optimal design candidate from design A is selected 
for further analysis with its powertrain component sizes 

shown in Table 7. This highlighted design has the same 
maximum system power (362 kW) as the benchmark 
parallel hybrid design. Performance results comparison 
with the conventional and parallel design is summarized 
in Table 8. Selected performance results are shown in 
Figures 16 and 17.

TABLE 6 Parameters of the vehicle used in the case study 
(F-150).

Component 
vehicle Conventional

Parameters 
parallel AWD hybrid

Engine 272  
kw@ 5200rpm

569  
Nm@ 2500rpm

272  
kw@ 5200rpm

569  
Nm@ 2500rpm

163-272 
kw@5200rpm

MG1 power N/A 90 kW 66-110 kW

MG2 power N/A N/A 66-110 kW

Transmission 6-speed 6-speed 2-PG set

Drivetrain RWD RWD AWD©
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The best combined 
performance: fuel 
economy and 
launching. 

 FIGURE 13  Combined performance and fuel economy 
results for various hybrid design candidates.
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Design A

Rear Wheels

Lever Diagram

Design A

 FIGURE 14  Drawing of design A.
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Engine
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Design B

 FIGURE 15  Drawing of design B.
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TABLE 7 Powertrain parameters of design A..

Engine MG1 MG2

R/S 
ratio 
(PG1)

R/S 
ratio 
(PG2)

Final 
drive 
(Front)

Final 
drive 
(Rear)

163 kW 110 kW 88 kW 2:1 4:1 5:1 6:1
© 2019 University of Michigan

TABLE 8 Performance summary.

Vehicle

Launching 
time (sec) 
(16,000 
lbs.)

Launching 
time (sec) 
(5073 lbs).

Fuel 
economy – 
UDDS 
(mpg) 
(5073 lbs).

Fuel 
economy – 
HWFET 
(mpg) 
(5073 lbs).

Conventional 21.6 7.7 25.0 30.3

Parallel 17.3 7.1 42.3 31.7

AWD winning 
design A

13.5 5.1 50.0 34.8
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Figure 16 shows how the highlighted winning design 
accelerates from 0 to 60 mph. The power-split mode is used 
to achieve the best launching in 5.1 s. It controls the engine 
speed for maximum engine torque. The 0-60 acceleration 
performance comparison between the AWD winning design 
and RWD parallel example is shown in Figure 18.

The winning design A shows 28% faster in launching, and 
18.2% and 9.8% better fuel economy on UDDS and HWY cycle, 
respectively. Results from the two drive cycles are shown in Figure 
17. The regenerative braking energy analysis for both cycles is 
shown in Table 9. The superior performance over the parallel 
hybrid F-150 design indicates that this systematic design meth-
odology successfully identifies a family of good AWD designs.

VIII. �Analysis of the 
Highlighted AWD 
Hybrid Power-Split 
Vehicle Designs

A. �Common Features of the 
Two Winning Designs

It is observed that the two highlighted designs (Design A 
and Design B) share several common features. Each design 

 FIGURE 16  0-to-60 launching performance results.
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 FIGURE 18  0-to-60 launching performance comparison 
between AWD winning design and RWD parallel example.
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 FIGURE 17  Simulation results for UDDS and HWFET drive cycles.
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has a clutch connecting the carrier nodes of the two PG 
sets. The two output shafts are on the same PG set, 
connecting to the sun gear node and the ring gear node. 
These common features allow a good torque balance of the 
second PG set.

B. �Fuel-Saving Control Policy 
from Optimization Results

From the results under the two driving cycles, it was observed 
that the EV mode and parallel mode are used most: the parallel 
mode is used in high power driving and the EV mode is used 
for low power driving and during braking. To better understand 
this observation, the mode distribution is shown in Figure 19. 
The two operating modes are also shown in Figure 20.

Based on the observation from 0 to 60 launching (when 
power-split mode is used) and the fuel-efficient driving in EPA 
cycles, a policy for mode selection is generated and shown in 
Figure 21. While this mode selection map is very simple and 

may lose some optimality, it summarizes from optimal control 
results and is implementable.

C. �Comparison of Launching 
Performance and 
Gradeability for AWD, 
FWD Hybrid Vehicles and 
RWD Hybrid Vehicles

To better understand the performance of the highlighted 
AWD hybrid design, the acceleration and grade performance 
is shown and analyzed in this subsection. Two tests are 
designed based on the tow-vehicle propulsion requirements 
from the SAE Standard J2807. The AWD hybrid design, a 
FWD parallel design, and a RWD parallel design are compared 
with the same gross combination weight rating (GCWR) of 
16000 lbs. The vehicle dynamics of the AWD design can 
be found in the Appendix.

Test 1 - Launch on 12% grade: time for launching the 
towing vehicle from 0 to 10 mph on a 12% grade.

Test 2 - Gradeability test: maximum grade on a slope 
while maintaining the vehicle speed at 40 mph.

TABLE 9 Regenerative braking energy analysis.

Drive cycle UDDS HWFET
Required energy (J) 1.33 ⋅ 107 9.09 ⋅ 106

Regenerative braking energy (J) −2.75 ⋅ 106 −8.36 ⋅ 105

Regen energy percentage 20.7% 9.20%
© 2019 University of Michigan

 FIGURE 19  Operation mode analysis for UDDS and 
HWY cycles.
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 FIGURE 20  Lever diagram of EV mode and parallel mode.
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 FIGURE 21  Policy for typical mode selection.
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From results shown in Table 10, the AWD power-split 
hybrid design is able to accelerate from 0 to 10 mph in 5.3 
seconds, while the RWD parallel design needs 7.3 seconds to 
launch, and the FWD parallel design cannot even launch on 
the 12% grade slope. The AWD design can launch on a slope 
55% steeper than the RWD parallel design can. The RWD 
design performs better than the FWD design does because of 
the vehicle load transfer. The AWD power-split hybrid design 
performs the best.

Figure 22 demonstrates the gradeability of these three 
designs by showing tow-weight capability on different slopes. 
The AWD hybrid design can tow heavier weight because it 
uses both axles. The FWD design tows even less than the RWD 
design because of load transfer. It is unable to drive the vehicle 
on a slope with 11% grade or higher at fully loaded weight.

IX. �Summary
This article highlights the AWD multi-mode power hybrid 
vehicles for pickup trucks with superior performance on 
0-60 acceleration and fuel economy, as well as other desired 
performance. It presents a systematic design methodology 
for this powertrain class in four steps. This systematic 

procedure screens out infeasible and incapable designs, thus 
it reduces the computation effort efficiently and makes it 
possible for large-scale design applications. All possible 
designs are modeled and examined exhaustively, and a 
family of optimal designs is able to be  identified in this 
process. This design methodology is implemented in a case 
study on a conceptual Ford F-150 design. Six AWD multi-
mode hybrid designs were found, and 328 candidates (with 
different gear sizing) were obtained that achieve better fuel 
economy and better launching performance compared to 
the conventional benchmark. All these designs achieve 
desired attributes including AWD, all-wheel regenerative 
braking, and driving backward using the engine power. The 
best design candidate achieves 28% faster launching, and 
18.2% and 9.8% better fuel economy on UDDS and HWY 
cycles compared to the parallel hybrid design, while using 
the same total system power. It shows that the AWD power-
split hybrid truck design can provide good fuel economy 
while satisfying the stringent launching, towing, and 
grade requirement.
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Appendix
A. �Calculation of Possible 

Power-Split Design 
Numbers

Given a double PG set, there are six nodes (ring gear node, 
carrier node, and sun gear node on each PG set) to be used to 
collocate four components (engine, two e-machines, and two 
output shafts, with an assumption that one e-machine is 
connected to one output shaft). Then, the total combinations 
are P6

4 . From those six nodes of the PG set, a placement of a 
clutch connects two out of the six nodes. Then, the total 
combination of a clutch connection is C6

5 15= . Furthermore, 
this manuscript presents the case using 3 clutch connections 
of the possible 15 connections. Therefore, the combination of 
three clutch connections is C15

3 . Because of the identical 2 PGs, 
all designs are repeated once. Therefore, the total number of 
designs is 0 5 819006

4
15
3. × × =P C .

B. �Calculation of the Average 
Acceleration

The 0-60 mph launching is divided into n speed grid evenly, 
as shown in Figure A.1.

For each speed grid, the velocity difference Δv of the 
initial value and the final value is known. In the ith speed 
grid, the time for this speed grid ti can be  calculated by 
Equation A.1,
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Eq. (A.1)

where ai is the acceleration in this grid. The total time 
used for 0-60 mph launching is calculated in Equation A.2.
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By defining the average acceleration of the launching 
period shown in Equation A.3. The average acceleration relates 
ai by Equation A.4.
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C. �Model of Vehicle Dynamics 
for the Gradeability Tests

The gradeability tests in Figure A.2 are for a fully loaded 
vehicle driving on a slope with angle of θ. A free-body diagram 
for the tow-vehicle motion is shown in Figure A.3.

The tow-vehicle has a trailer with weight of mT ⋅ Kcz is the 
vertical internal force between the vehicle and the trailer body, 
and Kcx is that internal force in the longitudinal direction. 
Other symbols are defined in the same way as those in 
Section III. The subscript T refers to the front and rear tire 
reaction forces/torques, respectively. The gravitational 
constant is g, the aerodynamic force is DA, T is the axle output 
torque, Kz is the vertical internal force between the wheels 
and body, Kx is the longitudinal internal force between the 
wheels and body, Nz is the tire reaction force in the vertical 
direction, and Fx is the tire reaction force in the longitudinal 
direction. The subscripts F and R refer to the front and rear 
tire reaction forces/torques, respectively.

Longitudinal dynamics and rotational motion dynamics 
of the vehicle body, the trailer, trailer wheels, front wheels, 
and rear wheels are given in Equations A.5 through A.19.

	 K K D m g K m ax x A b c bf r x
+ - - - =sinq 	 Eq. (A.5)

 FIGURE A.1  Speed grid division for evaluation of the 
average acceleration.
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 FIGURE A.2  Gradeability tests of a full-loaded AWD 
tow vehicle.
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	 K K K m gz z c bf r z
+ - = cosq 	 Eq. (A.6)
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K a K b D h h K K h r T
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z b z b A A x x f

roll r roll

f r f r

f r
KK b c K h hc c A Tz x

+( ) + -( ) = 0 	
Eq. (A.7)

	 T F r T If x roll w ff f
- - = �w 	 Eq. (A.8)

	 F K m ax x wf f
- = 	 Eq. (A.9)

	 N K m gz z wf f
- - =cosq 0	 Eq. (A.10)

	 T F r T Ir x roll rr r
- - = �w 	 Eq. (A.11)

	 F K m ax x wr r
- = 	 Eq. (A.12)

	 N K m gz z wr r
- - =cosq 0	 Eq. (A.13)

	 K m g K m ac T x Tx T
- - =sinq 	 Eq. (A.14)

	 K K m gc z Tz T
+ = cosq 	 Eq. (A.15)

	 K b K h r T K a K h hz T x T roll c T c T cT T T z x
- × -( ) - - + -( ) = 0	  

Eq. (A.16)

	 F r T Ix roll w TT T
- = �w 	 Eq. (A.17)

	 K F m ax x wT T
- = 	 Eq. (A.18)

	 N K m gz z wT T
- - =cosq 0	 Eq. (A.19)

The maximum driving forces for the three cases (i.e., 
AWD, FWD, and RWD) in the gradeability tests are shown 
in Table A.1.

TABLE A.1 Maximum driving forces.

Hybrid vehicle drivetrain 
designs Max tire forces
AWD FAWD_max = Nzf ⋅ μtire + Nzr ⋅ μtire

FWD FFWD_max = Nzf ⋅ μtire

RWD FRWD_max = Nzr ⋅ μtire

© 2019 University of Michigan

 FIGURE A.3  Free-body diagram for the tow-vehicle 
motion on a slope.
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